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Abstract

The ordinary algebraic structures usually constitute finitary varieties: that is, they are
axiomatisable by means of equations and finitary operations, as in the case of groups
and rings. It was only in the sixties that the algebraic theory of the structures equipped
with infinitary operations — the so-called infinitary varieties — has been developed [64,
48, 49], after the pioneering works of G. Birkhoff dating back to the thirties. Still in the
thirties, M. H. Stone showed in the fundamental work [65] that the dual of the category
of zero-dimensional compact Hausdorff spaces and continuous maps is equivalent to the
finitary variety of Boolean algebras and their homomorphisms. This is the celebrated
Stone duality. If we now lift the zero-dimensionality assumption on spaces, we are left
with the category KHaus of compact Hausdorff spaces. The question arises, is there a
(finitary or infinitary) variety of algebras, providing a generalisation of Boolean algebras,
that is equivalent to the dual category KHaus®P. The answer is positive, as proved by J.
Duskin in 1969 [27, 5.15.3]. However, subsequent results by B. Banaschewski [9, p. 1116]
entail that every variety that is equivalent to KHaus®® must use an infinitary operation.
On the other hand, J. Isbell had already shown [42] the existence of an infinitary variety
equivalent to KHaus®P in which a finite number of finitary operations, together with a
single infinitary operation of countable arity, suffice. Semantically, Isbell’s operation is

the uniformly convergent series

<

S
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=1

The problem of providing an explicit axiomatisation of a variety equivalent to KHaus®P

has remained open. The main result of the thesis consists in a finite axiomatisation of

such a variety.
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Introduction

The main object of study of this thesis is the dual of the category KHaus of compact
Hausdorff spaces and continuous maps. A celebrated result by Stone [65] shows that
the full subcategory St of the category KHaus, whose objects are Stone spaces (=zero-
dimensional compact Hausdorff spaces), is dually equivalent to the finitary variety of
Boolean algebras. The question arises, is KHaus dually equivalent to a finitary variety.
In view of results by Rosicky and Banaschewski [61, 9] not only is the answer known
to be negative, but the dual category KHaus®P is not axiomatisable by a wide class of
first-order theories. However, Duskin had already proved in 1969 [27, 5.15.3] that the
category KHaus is dually equivalent to a variety of infinitary algebras, i.e. structures
with function symbols of infinite arity. Hence the problem of providing an explicit ax-
iomatisation of an infinitary variety dually equivalent to KHaus arises. In 1982 Isbell
proved [42] that KHaus®P is equivalent to a variety in which every function symbol has
arity at most countable. More precisely, the signature of the latter variety consists of
finitely many finitary operations, along with exactly one operation of countably infinite
arity. Indeed, Isbell defined an explicit set of operations and showed that it suffices to
generate the algebraic theory of KHaus®P, in the sense of Stominsky, Lawvere, and Linton
[64, 48, 49]. The algebraic theory of KHaus®? had been described by Negrepontis in [58],
by means of Gelfand-Neumark duality between KHaus and the category of commutative
unital C*-algebras. The problem of axiomatising by equations an infinitary variety du-
ally equivalent to the category KHaus has remained open. The main contribution of the
thesis is to offer a solution. Using as a key tool the theory of MV-algebras — a gen-
eralisation of Boolean algebras that provides the algebraic counterpart to Lukasiewicz’
many-valued logic — along with Isbell’s basic insight on the semantic nature of the

infinitary operation, in Chapter 4 we provide a finite axiomatisation.
The thesis is organised as follows.

Chapter 1 gives a historical account of the problem of axiomatising the dual of the

category KHaus.
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Introduction viii

The first two sections of Chapter 2 provide an introduction to the basic theory of lattice-
ordered groups and MV-algebras. These two classes of algebraic structures are tightly
related via the equivalence I". This connection is exploited in the third section of the

chapter. The content of Chapter 2, and its exposition, are standard in the literature.

Historically, an important characterisation of the dual algebra of a compact Hausdorff
space has been provided by Yosida in the language of lattice-ordered vector spaces.
Chapter 3 is devoted to the exposition of the related categorical duality. Here, all the
results are known. However, a detailed account of Yosida duality in the case of £-groups

with a strong order unit cannot be found in the literature.

Chapter 4 is the core of the thesis. Here we present a finite axiomatisation of a variety of
infinitary algebras, and prove that this variety forms a category that is dually equivalent
to the category KHaus. The whole chapter is original, however it relies on the theory of
MV-algebras introduced in Chapter 2. All the MV-algebraic results which are employed

in Chapter 4 are recalled in the first section, so that the latter chapter is self-contained.

In Chapter 5 we study the algebraic theory (in the sense of Stominski, Lawvere, and
Linton) of the variety introduced in Chapter 4, and show that this variety constitutes
a full reflective subcategory of the category of MV-algebras. Further, some elementary

universal-algebraic properties of the latter variety are proved.

Chapter 6 deals with the basic theory of Banach algebras and C*-algebras, as can be
found in the literature. The well-known Gelfand-Neumark duality for commutative C*-
algebras is proved in detail. In the last section of the chapter we draw the connection
between commutative C*-algebras, lattice-ordered groups, and the infinitary algebras
identified in Chapter 4. This viewpoint is not standard, and is not present in the litera-
ture. Moreover, we give a direct proof of the monadicity of the category of commutative

C*-algebras with respect to the positive unit ball functor.

Finally, in Chapter 7 we turn back to the topic of the axiomatisability of the dual
category KHaus®P discussed in Chapter 1. On the one hand, we show that the category
KHaus®? cannot be axiomatised by a geometric theory of presheaf type. On the other
hand, we give an explicit axiomatisation of the category KHaus®? in an extension of
first-order logic by means of Alexandroff duality. The former result is original, while the
latter result is an observation — not to be found in the literature — relying on a known

duality for compact Hausdorff spaces.



Chapter 1

Prologue: which language suffices
to capture KHaus®P?

In 1969 Duskin proved that the category KHaus®P is monadic over Set [27, 5.15.3]. This
result, from a logical point of view, has two different consequences. On the one hand,
it tells us that the dual category KHaus®P is axiomatisable in a (possibly infinitary)
algebraic language. On the other hand, that KHaus®P is axiomatisable in some extension
of ordinary first-order logic. In the following sections we explore these two directions.

1.1 Algebraic

Recall that a one-sorted signature consists in a class F of function symbols and in a
class R of relation symbols. For every function symbol f € F and for every relation
symbol R € R we assume that cardinal numbers Ay and A are given. The numbers A,
and Ap are the arity of f and R, respectively. Those function symbols whose arity is 0
are called constant symbols. For every cardinal number A\, we denote by F, (respectively
R) the class of function symbols (respectively relation symbols) of arity A. Throughout
the thesis we assume that, for each cardinal A, the classes F) and R, are not proper
classes.

Notation 1.1.1. Many-sorted signatures will not be considered. Therefore, we shall omit
the adjective one-sorted when dealing with signatures. An arbitrary signature is usually
denoted by the symbol . The equality symbol is considered as a logical symbol, as the
propositional connectives and the quantifiers 3,V.

By an algebraic signature we mean a signature with no relation symbols, i.e. such that
Ry = @ for all cardinal numbers A. Recall that a cardinal number A is reqular if there is
no set of cardinality A that is the union of i sets of cardinality v, with u, v < A cardinal
numbers. For instance, 2 is a regular cardinal. Amongst the infinite regular cardinals
are Wy and N;. We agree to say that an algebraic signature is a A-signature if there
exists an infinite regular cardinal A such that F, = @ for every cardinal p > A.
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Let us consider a A-signature 3, together with a set of variables

Var := {z,},<x.

The set Term of terms for the signature ¥ is inductively defined in the following way:
every variable is in Term; if f € F, and {t,},<, C Term, then f(t1,...,t,...) €
Term. Nothing else is in Term. A X-structure is a set U together with an operation
f: U# — U for each function symbol f € F,. Observe that any function ¢: Var — U
can be extended to a function @: Term — U. Indeed, suppose that the map @ is defined
on the terms {t,},<, € Term, and let f € F,, be a function symbol of arity p. Then,
we define

P(f(tr, -ty o)) = (@), B(E), - - )
A homomorphism between Y-structures is a map preserving the operations. Given a
A-signature Y., we denote by StrX. the category that has Y-structures as objects and
homomorphisms as morphisms.

By an equational theory T over the A-signature > we understand a set of axioms, i.e.
pairs of terms (s,t), s,t € Term, where each such pair can informally be thought of as
the equation s = t. In the following, we use the latter notation whenever convenient.

Definition 1.1.2. A model for an equational theory T is a >-structure U such that, for
every function ¢: Var — U and for every pair (s,t) € T, the condition p(s) = $(t) is
satisfied.

The full subcategory of Str 3 whose objects are the models of T is denoted by Mod T.

Definition 1.1.3. If X is a regular infinite cardinal, a A-variety is the class of models
for an equational theory over a A-signature.

We remark that the notion of 3-structure can be defined more generally for an arbitrary
signature Y. Likewise, one can consider not only equational theories but also arbitrary
first-order theories over an arbitrary signature, whose axioms are constructed by using
propositional connectives and quantifiers in an appropriate way (see [1, p. 221-222]). If
31 is an arbitrary signature, and T is an arbitrary first-order theory over the signature
3%, we continue to denote by StrY and Mod T the associated categories.

Remark 1.1.4. Let ¥ be a A-signature, and let T be an equational theory over the
signature Y. For A = Ny, we have that every function symbol in X has finite arity, and
Mod T is an equationally defined class of finitary algebras, as studied in classical universal
algebra. In this context, a variety of algebras is defined as a class of algebras which is
closed under homomorphic images, subalgebras and products. Birkhoff’s theorem [18,
Theorem 11.9] then states that the notions of equational class of (finitary) algebras and
of variety of (finitary) algebras coincide. This shows that referring to Mod T as a A-
variety makes sense if A = Rg. However, Stominski showed in [64, 9.6] that the natural
extension of Birkhoff’s theorem to infinitary algebras also holds, so that the terminology
becomes consistent for any infinite regular cardinal .
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It is a classical result in category theory, that categories which are monadic over Set
coincide, up to equivalence, with A-varieties (see [49], or [54, Theorem 5.40 p. 66,
Theorem 5.45 p. 68]). Then, Duskin’s result about the monadicity of the dual category
KHaus®P [27, 5.15.3] entails that KHaus®P is equivalent to a A-variety for some infinite
regular cardinal A. The question arises, is KHaus®? equivalent to a finitary variety of
algebras. The answer is no, in view of a much stronger result of Banaschewski (see
Theorem 1.2.11 below).

In 1971 Negrepontis described [58] the algebraic theory of KHaus® in the sense of
Stominisky, Lawvere, and Linton [64, 48, 49]. The dual category of KHaus is known to be
equivalent to the category C* of commutative unital C*-algebras by Gelfand-Neumark
duality (see Section 6.2). Negrepontis showed that the unit ball functor from C* to Set
is monadic. In particular, if

Ii={zeC||zl <1}

denotes the complex unit disc, a left adjoint to the unit ball functor maps a set X to the
C*-algebra C(IX,C) of all the continuous C-valued functions on the space IX. Hence,
the algebraic theory of KHaus®® has powers of the space I as objects, and continuous
maps as morphisms (see Chapter 5 for some information about algebraic theories). It is
known that the category C* is monadic over Set also with respect to the Hermitian unit
ball functor sending a C*-algebra to the set of its self-adjoint elements whose norm does
not exceed 1 (see Section 6.3 for details). A left adjoint to the latter functor induces a
monad over Set which maps a set X to the set C([—1,1]*,C). The associated algebraic
theory has the cubes [~1,1]* as objects, with A an arbitrary cardinal number, and
continuous maps between the cubes as morphisms. In [42] Isbell gave an explicit set of
operations which suffice to generate the latter algebraic theory. In the intended model
C(X,[—1,1)), for X a compact Hausdorff space, the identified operations are interpreted
as follows. There are three finitary operations: the constant function of value 1 on X, a
unary operation mapping a continuous function f to the function — f, and the truncated
multiplication by 2 sending f to min (1, max (—1,2f)). Further, there is an infinitary
operation of countably infinite arity which maps a sequence of continuous functions
{fi}ien to the uniformly convergent series

00

f.
25
=1

In particular, this means that the category KHaus®P is equivalent to an Nj-variety. Ne-
grepontis’ result was then generalised by Van Osdol [66] who proved that the category of
(possibly non-commutative and non-unital) C*-algebras is monadic over Set with respect
to the unit ball functor. In [59, 60] Pelletier and Rosicky gave explicit sets of operations
generating the algebraic theory of all unital C*-algebras with respect to the unit ball
functor, and of related categories. However, the problem of providing a tractable (i.e.
finite or recursive) set of identities for these theories has remained open. In Chapter 4
we give a finite axiomatisation of an Ni-variety that is dually equivalent to the category
KHaus. This can be regarded as an axiomatisation of the class of positive unit balls of
commutative unital C*-algebras.
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1.2 First-order and extensions

In this section we shall see that every category that is monadic over Set, or equivalently
every A-variety, can be axiomatised in an appropriate extension of first-order logic.

Let s, A be infinite cardinal numbers, and let us consider a set of variables Var =
{x,}u<y of cardinality v = max (k,A). The infinitary language L, \ is described as
follows. On the one hand we consider logical symbols, i.e. the propositional connectives
A, V,—, =, the quantifiers 3,V, and the equality symbol =. On the other hand, the non-
logical symbols are provided by a signature 3 containing only finitary function symbols
and finitary relation symbols. In other words, F, = @ = R, for each infinite cardinal
. The class Term of terms for the signature ¥ is defined as usual: every variable is a
term; if ¢1,...,t, € Term and f € F,, then f(t1,...,t,) € Term. Nothing else is in
Term.

Remark 1.2.1. In the context of infinitary languages, infinitary function symbols and
infinitary relation symbols are not allowed. Therefore, when dealing with a language
Ly, we implicitly assume that a signature X is given, which satisfies 7, = @ = R, for
each infinite cardinal p.

Now, we can define inductively the notion of expression of Ly, .

1. If ¢1,%9 are terms, then t; = t5 is an expression.

2. f ReR, and ty,...,t, € Term, then R(t1,...,t,) is an expression.
3. If € is an expression, then —e is an expression.

4. If €1, e9 are expressions, then €1 = €4 is an expression.

5. If p < k is a cardinal number and {€,},<, is a set of expressions, then

A6162-..6M.-.’

and
\/6162...6“...

are expressions.

6. If € is an expression, 0 < X is a cardinal number and {z, }¢<s € Var (where
pe < max (r, A) for each § < §), then

EI:L‘;UI:E,UII .. .xug .«

and
vxulmul . o .J:'M& o« e

are expressions.

7. Nothing else is an expression.
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In other words, the infinitary language L, ) extends ordinary first-order logic by allowing
conjunctions and disjunctions of sets of formulae of cardinality strictly smaller than
k, and quantification over sets of variables of cardinality strictly smaller than A. If,
moreover, we introduce conjunctions and disjunctions of sets of formulee of arbitrary
cardinality, we obtain the language usually denoted by Lo » (and similarly one could
define the language L, ). Finally, the infinitary language Lo oo allow us to consider
arbitrary conjunctions and disjunctions, and arbitrary quantifications. Observe that the
language Ly, x, is the ordinary first-order language.

Notation 1.2.2. When k, A are amongst the cardinals Ng,N;, we write the ordinal w
(respectively wy), in place of the cardinal Ry (respectively ®p). For instance, the usual
first-order logic is denoted by Ly, .

Definition 1.2.3. Let s, A be infinite cardinals. A sentence of the language L, ) is an
expression with no free variables. A theory T in the infinitary language L, ) is a set of
sentences of Ly .

A straightforward generalisation of Tarski’s truth definition employed in ordinary model
theory allows one to define a model for a theory T in an infinitary language L, x (see
[25, p. 68] for details). A homomorphisms between models is a map preserving the
operations and the relations, and the category of models for a theory T, with their
homomorphisms, is denoted by Mod T.

Definition 1.2.4. Let k, A be infinite cardinals. A category C is aziomatisable in the
language Ly » if there exists a theory T in the language L, » such that C ~ Mod T.

For a thorough treatment of infinitary languages the interested reader is referred to [25].
Now we turn to the connection between infinitary languages and category theory. Recall
that a non-empty partially ordered set is directed provided that each pair of elements has
an upper bound. If A is an infinite regular cardinal, we can generalise the latter definition
by saying that a partially ordered set is A-directed if every subset of cardinality strictly
smaller than A has an upper bound. If D: (I,<) — C is a diagram in the category C,
and (I,<) is a A-directed partially ordered set (regarded as a category), then D is a
A-directed diagram and its colimit is a A-directed colimit.

We remark that there is another construction related to that of directed colimits, namely
that of filtered colimits. Recall that a non-empty category C is filtered if the following
properties are satisfied.

1. For each pair of objects C7, Cy of C there is an object D and morphisms f1: C7 —
D, fg: CQ — D in C.

2. For each pair of parallel arrows g1, g2: C1 — C5 in C there is a morphism f: Cy —
D in C such that fog; = fogs.

It is elementary that every directed partially ordered set, regarded as a category, is a
filtered category. A filtered diagram in a category D is a functor D: C — D where Cis a
filtered category. The colimit of a filtered diagram is called a filtered colimit. Directed
colimits and filtered colimits are equivalent constructions, in the following sense.
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Lemma 1.2.5. A category C has directed colimits if, and only if, it has filtered colimits.
If the category C satisfies one of the latter equivalent conditions, and D is any category,
then a functor F': C — D preserves directed colimits if, and only if, it preserves filtered
colimits.

Proof. See [1, Corollary p. 15]. O

The foregoing lemma admits a generalisation to A-directed colimits. We agree to say that
a non-empty category C is A-filtered, for A an infinite regular cardinal, if the following
hold.

1. For each set {C;}icsr of objects of C of cardinality strictly smaller than A there
exists an object D in C and morphisms f;: C; — D for all i € 1.

2. For each collection {g;}ier of morphisms g;: C1 — C5 in C of cardinality strictly
smaller then A there exists a morphism f: Co — D in C such that fog, = foy;
forall¢,j € I.

A M-filtered diagram in a category D is a functor D: C — D where C is a A-filtered
category. The colimit of a A-filtered diagram is called a A-filtered colimit. Again, a
category has A-directed colimits if, and only if, it has A-filtered colimits (see [1, Remark
1.21 p. 22]). Therefore, the difference between directed colimits and filtered colimits
is immaterial. Depending on the specific situation, we shall use whichever is more
convenient.

Notation 1.2.6. If C is a category and A is an object of C, we agree to denote by
C(A,—): C— Set
the functor mapping an object B of C to the set C(A, B) of morphisms A — B in C.

Now, let us fix an infinite regular cardinal .

Definition 1.2.7. An object A of a category C is A-presentable if the functor C(A, —): C —
Set preserves A-filtered colimits.

Definition 1.2.8. A category C is A-accessible provided that it has A-directed colimits
and a dense subset A of A-presentable objects, i.e. every object of C is a A-directed
colimit of objects of A. The category C is locally A\-presentable if it is A-accessible and
cocomplete.

A great number of examples of locally A-presentable categories is provided by the fol-
lowing

Theorem 1.2.9. Every \-variety is a locally A-presentable category. Equivalently, ev-
ery category that is monadic over Set is locally A-presentable, for some infinite reqular
cardinal \.
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Proof. See [1, Theorem 3.28]. O

If A = Ry we speak of finitely presentable objects and of finitely accessible and locally
finitely presentable categories, respectively. A category is called accessible (respectively
locally presentable) if it is A-accessible (respectively locally A-presentable) for some in-
finite regular cardinal A. The notion of accessible category originates from the work of
Grothendieck [7], and the related theory was further developed by Gabriel and Ulmer
in [30], where locally presentable categories are studied for the first time. Moreover,
accessible categories have been intensively studied by Makkai and Paré [53] in connec-
tion with model theory. In fact, here logic enters the picture: accessible and locally
presentable categories can be characterised, up to equivalence, precisely as categories
of models for certain theories in the infinitary language Lo ~o. We shall be concerned
only with the case of locally presentable categories, for a characterisation of accessible
categories please see [1, pp. 227-229].

Let us fix a signature ¥ and an infinite regular cardinal A. A limit theory in the language
Ly x is a set of sentences, each of them being of the form

V{zi}ier (¢ ({mitier) = Ny tijes {zitier {ysties))

where {z;}icr,{y;}jes are sets of variables of cardinality strictly smaller than X, and
©, 1 are conjunctions of less than A atomic formule (=formulse that do not contain
propositional connectives or quantifiers). Limit theories completely characterise locally
presentable categories:

Theorem 1.2.10. Let X be an infinite reqular cardinal. A category is locally A-presentable
if, and only if, it is equivalent to Mod T for a limit theory T in the language Ly ».

Proof. See [1, Theorem 5.30]. O

It follows that KHaus®P, being equivalent to an Nj-variety (in view of Isbell’s result), is
axiomatisable in the language L, .,,. However, this does not mean that KHaus°P cannot
be axiomatised in a smaller fragment of language, e.g. in ordinary first-order logic Ly, ;.
In the eighties Bankston asked [10] whether KHaus is dually equivalent to any elementary
P-class of finitary algebras. Recall that a subcategory D of a category C is said to be
closed in C under product if the following property is satisfied: the product of objects of
D, computed in C is, in fact, in D. Then a P-class of finitary algebras is a category of the
form Mod T, for T a theory in the language L, ., over an algebraic signature ¥, such that
Mod T is closed under products in Str¥. A negative answer was given, independently,
by Rosicky [61] and Banaschewski [9]. In fact, the latter proved the following stronger
result, where we recall that St denotes the category of Stone spaces (=zero-dimensional
compact Hausdorff spaces).

Theorem 1.2.11. The only full subcategory of KHaus extending St, which is dually
equivalent to an elementary P-class of finitary algebras, is St.

Proof. See [9, p. 1116]. O
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By a celebrated result of Stone [65], the category St of Stone spaces and continuous
maps is dually equivalent to the category Bool of Boolean algebras an their homomor-
phisms. Hence, Banaschewski’s result shows that Stone duality cannot be extended
further retaining the finitary algebraic nature of the dual category.



Chapter 2

Lattice-ordered groups and
MYV-algebras

2.1 Lattice-ordered groups

2.1.1 The variety of /-groups

Recall that a lattice is a partially ordered set (G, <) in which every pair of elements
x,y € G has a greatest lower bound and a least upper bound, denoted by x A y and
x Vy, respectively. Equivalently, it can be described as an (equationally defined) algebra
(G, A, V) satisfying the commutative, associative, idempotent and absorption laws [18,
Definition 1.1]. Whenever we are given a lattice in the form (G, A, V), we shall denote
by < the canonically associated ordering, defined by = < y if, and only if, x A y = .

The language of /-groups is given by Lygrp := {0, +, A, V} where 0 is a function symbol
of arity 0, and +, A,V are binary function symbols.

Definition 2.1.1. A lattice-ordered abelian group (abelian £-group for short) is an alge-
bra (G, +,0, A, V) satisfying the following conditions.

1. (G,+,0) is an abelian group.
2. (G,N\,V) is a lattice.

3. Forall z,y,t € G,if x <y, thenz+t < y++¢.

It is clearly possible to generalise this definition to (possibly non-commutative) ¢-groups.
However, we will be concerned with commutative ¢-groups only. For this reason, hence-
forth by an /-group we understand an abelian ¢-group.

Remark 2.1.2. In item 2 of Definition 2.1.1 we do not require that the lattice (G, A, V) is
either distributive or bounded. In particular, we do not require that every finite subset
F C G admits a greatest lower bound A F' and a least upper bound \/ F, for otherwise
the lattice G would be bounded by T := A & and L :=\/ @ (this definition is adopted

9
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by some authors, see e.g. [44, 1.2, 1.4]). It will soon transpire that the underlying lattice
(G, A, V) of any ¢-group is automatically distributive, and that it is bounded if, and only
if, G is the trivial (singleton) group.

It is not evident by Definition 2.1.1 that the class of /-groups can be defined by equations.
We show that, in fact, this is possible.

Lemma 2.1.3. Let (G,+,0,A,V) be an algebra such that conditions 1 and 2 in Defini-
tion 2.1.1 are satisfied. Then (G,+,0,A,V) is an {-group if, and only if, the following
hold for oll x,y,t € G.

t+(@Ay)=0E+z)AN({t+y).

t+(xVy =t+z)V(t+y).
Proof. Observe that, if the condition z <y = x+t¢t <y -+t holds, then x +t <y -+t

entails t = x+t+ (—t) <y+t+(—t) =y. Thus z < y if, and only if, z + ¢t < y + ¢.
Now, assume that z <y = x+t < y+t. We have

t+(zANy) <t+z & zAy<ua,

t+(xAy)<t+y & xAy<y.

Hence t+ (x Ay) < (t+x) A (t+y). If z € G is such that 2 <t+x and 2z <t +y, then
z<t+x & z—t <,

z<t+y & z2—1t<y.

We conclude that
z—t<zAy & z2<t+ (zNy).

In other words t + (x Ay) = (t + ) A (t + y). Similarly, it is possible to show that
t+(xVy)=(t+x)V(t+y). In the other direction,

r<y & rzhy=z & (zAy)+t=z+t &

(+t)AN(y+t)=z+t & s+t <y+t.
O

By Birkhoff’s theorem [18, Theorem 11.9], together with Lemma 2.1.3, the class of ¢-
groups is a variety of (finitary) algebras, meaning that it is closed under the operators
H (homomorphic images), S (subalgebras) and P (products).

The following fact is a key property.

Lemma 2.1.4. If G is an £-group and =,y € G, then

(z—(xAy) A (y—(zAy)) =0.
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Proof. A straightforward computation shows that

(x—=(zAy)Ay—(zAy))=(xAy)—(zAYy) (Lemma 2.1.3)
=0.

As anticipated above, the lattice reduct of any ¢-group is distributive:

Proposition 2.1.5. If (G,+,0,A,V) is an £-group, then (G,N\,V) is a distributive lat-
tice.

Proof. See [13, Proposition 1.2.14]. O

Definition 2.1.6. Let G, H be f-groups. A function h: G — H is called a homomor-
phism of ¢-groups (¢-homomorphism for short) if it is both a group homomorphism and
a lattice homomorphism.

Remark 2.1.7. An £-homomorphism, being a homomorphism of abelian groups, is linear
with respect to the Z-module structure of the underlying group.

Definition 2.1.8. The positive cone of an ¢-group G is the set
GT:={ze€G|0<x}.

Remark 2.1.9. The term positive in the preceding definition, instead of the more appro-
priate non-negative, is standard in the literature.

The name cone suggests that the following property holds: if z,y € G, then z+y € GT.
This is true, indeed
0<r = y<zrz+y = 0<y<z+y.

Remark 2.1.10. Notice that, if we know the positive cone, we can recover the partial
order of the /-group. Indeed,

r<y & 0<y+(-2) & y+(-2) e GT.

The same observations apply to the negative cone of G, defined by
G ={zreG|z <0}
Lemma 2.1.11. If h: G — H is an £-homomorphism, then

1. h s order-preserving.

2. h(G+) C H*.
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Proof. For item 1, assume that z < y, i.e. z Ay = x. We find h(x Ay) = h(z) if, and
only if, h(z) A h(y) = h(x), that is h(z) < h(y). With respect to item 2, pick z € G,
so that 0 Az = 0. Then

h(OAz) = h(0) < h(0)Ah(z) =h(0) & 0AR(Z)=0 < h(z)ec HY.

O]

Denote by £Grp the category whose objects are f-groups and whose morphisms are
£-homomorphisms. It is a consequence of general results about varieties of finitary
algebras, viewed as categories, that the category ¢Grp has the following properties.

1. The category ¢Grp is complete and cocomplete (further, ¢Grp is locally finitely
presentable [1, Corollary 3.7]). In particular, it has an initial and a terminal
object.

2. The category £Grp has free objects on generating sets of any cardinality: in other
words, there is a functor F': Set — ¢Grp that is left adjoint to the underlying-set
functor U: ¢Grp — Set (see [18, Theorem 10.12] or [54, Theorem 4.15 p. 37]).

Lemma 2.1.12. If G is an ¢-group and x,y € G satisfy x Ay = 0, then nx Any = 0
for all n € N.

Proof. By [13, 1.2.24], for all z,y,z € G,z Ay=0=2zAz = xA(y+2)=0. In
particular, t Ay =0 = z A (y+y) = 0. Reasoning by induction on n € N, it is easy
to see that x A ny = 0 and, consequently, that nx A ny = 0. O

Given an f-group G and an element g € G, define the positive part g* := gV 0 and the
negative part g~ == —gV 0 of g.

Lemma 2.1.13. Let G be an -group. For an arbitrary element g € G, the following
hold.

+ g,

1.g=g
2. gT Ng™ =0.

3. Ifa,be G satisfyg=a—>b andaAb=0, thena=g" andb=g".

Proof. Clearly g + g~ = g+ (—gV0) =(g—g)V(g+0) =0Vg = g, that is
g = gt — g~. For the proof of items 2 and 3 the interested reader is referred to [13,
Proposition 1.3.4]. O

Corollary 2.1.14. Let G be an {-group. For every pair of elements g,h € G, g = h if,
and only if, g* > h* and h™ > g~
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Proof. Assume that g > h. Then g™ = gv0 > hvV0=ht and g~ = —gV0 < —hV0O = h".
Conversely, if gt > hT and g~ <h™, then —g~ > ~h" andg=g " —¢g~  >ht—h~=h
by Lemma 2.1.13. O

Definition 2.1.15. An ¢-group G is totally-ordered (or linearly ordered) if, for all a,b €
G, either a < bor b < a.

Although the variety of /-groups arises from the abstraction of the integers (Z, +, 0, <),
it captures a wider class of structures. We illustrate this comment by giving some
examples of models for the theory of ¢-groups.

Example 2.1.16. (Z,+,0,<), (Q,+,0,<) and (R, +,0, <) are ¢-groups. Further, they
are totally-ordered.

Example 2.1.17. (Z x Z,+,(0,0), <) is an {-group, where sum and order are defined
componentwise, in other words

(a,b) + (a',0) == (a+d',b+ V),

(a,b) < (d,V) & a<d and b< V.

This is a partial order, and not a total one. Thus the class of totally-ordered ¢-groups
cannot be a variety of algebras because it is not closed under products. In fact, the

axiom for a total order fails to be equationally definable.

Example 2.1.18. We consider a different order on the free abelian group of rank 2,
Z x 7. Let £ € R\ Q be any irrational number, and consider the group

G:={z1+&x| 2,22 € Z}.

It is easy to see that the map (21, z2) — 21 + {22 is an isomorphism between the groups
7Z? and G. Notice, in particular, that the injectivity is due to the irrationality of &:

z1+&zo=23+8z & 1(z1—23)+&(220—24) =0 & 21 =23 and 29 = 24

for, otherwise, there would exist integers m (= z1 — z3) and n (= 22 — z4) such that

Il-m+én=0«& {n=-m & §:—m,
n

which is impossible. The group G, equipped with the order induced by R, is a totally-
ordered group. Moreover,

0< 21 +&z & 0<((21,2),(1,5)),

where (-, -) denotes the standard scalar product of R%. That is,

G ={z1+ &2 | ((21,22),(1,8)) > 0}.



2.1. Lattice-ordered groups 14

Geometrically, the positive cone of G, regarded as a subset of Z2 = G, is the halfspace
containing (1, &) determined by the line

L= {(z,y) € R? [ {(z,y),(1,€)) = 0}.

The key property of [ is that its intersection with Z? is {(0,0)}.

Henceforth, we shall write ¢ < b meaning that the two conditions a < b and a # b are
satisfied.

Definition 2.1.19. An /l-group G is archimedean if, for all a,b € G, the following
condition holds.

If 0<a<b, then there exists n € N such that na £ b.

The examples for the theory of £-groups that we have introduced so far are all archimedean.
In the next example we define an order on the group Z xZ, such that the resulting /-group
is not archimedean.

Example 2.1.20. The lexicographic product of Z with itself is the ordered group 7X7 =
(Z x Z,+,(0,0), <) where the sum is componentwise and the order, called lexicographic
order, is given by

(a', V) < (a,b) & (' <a) or (¢’ =a and ¥ <b).
It is elementary that Z?Z is a totally-ordered ¢-group, and its positive cone is
y Yy g b, p
(Z?Z)Jr ={(a,b) € 7?2 | (0<a) or (a=0 and 0<Db)}.

However, ZX7Z is not archimedean: there exist two elements 0 < a, b such that na < b
holds for all n € N. For example, take a := (0,1) and b := (1,0). We have a < b but,
for all n € N, n(0,1) = (0,n) < (1,0). We say that the element (0,1) is infinitesimal
with respect to (1,0), and write (0,1) < (1,0). Similarly, the ordered group ZXIRZ
is seen to be a non-archimedean ¢-group. In this case there are infinitesimal elements of
two different ranks:

(0,0,1) < (0,1,0) < (1,0,0).

We conclude with one more example of ¢-group, which will be central in Chapter 3.
Given a topological space X, the family C(X) of all the continuous functions on X with
values in R (or, more generally, in C) has been extensively studied under different points
of view, depending on which structure one chooses to equip R with. For instance, the
latter could be regarded as a group, a ring, or even a Banach algebra, and this choice
determines a corresponding structure on C(X) (see [62] for a thorough treatment of the
subject).

Example 2.1.21. Let X be a topological space, and consider the euclidean topology
on R. We denote by C(X,R) the set {f: X — R | f is continuous}. Upon considering
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R as an ¢-group, we can define a structure (C(X,R),+,0, A, V) where the sum is taken
to be pointwise, and for every f,g € C(X,R) and for every z € X,

(f A g)(x) :=min (f(z), f(y)),

and
(f V9)(x) := max (f(z), g(x)).

The element 0 of C(X,R) is the constant function of value 0 on X. It is easy to verify
that C(X,R) is an ¢-group; in fact, it is also archimedean, as we shall now prove.

Lemma 2.1.22. If X is a topological space, then the £-group C(X,R) is archimedean.

Proof. Let f,g € C(X,R) be such that 0 < f < g. Since 0 < f, there exists a point
x € X such that 0 < f(z); then 0 < f(x) < g(x) because f < g. The ¢-group R is
archimedean, hence there exists n € N satisfying nf(z) £ g(x), i.e. nf £ g. O

2.1.2 Holder’s theorem

The following result is fundamental. It was first proved in 1901 by Holder [39] (for an
English translation please see [40, 41]).

Theorem 2.1.23 (Hoélder). Every totally-ordered archimedean ¢-group G can be embed-
ded in R, i.e. there exists an injective £-homomorphism G — R.

Remark 2.1.24 (Assumes knowledge in logic). The archimedean property, as stated in
Definition 2.1.19, is not elementary, meaning that it is not expressible in a first-order
language. Indeed, the construction of a non-archimedean structure as an ultrapower
of R, fundamental in non-standard analysis, shows that such a first-order formulation
cannot exist, for otherwise it would contradict Los’s theorem. Consistently with the
fact that the hypotheses of the upward Lowenheim-Skolem theorem are not satisfied,
Hoélder’s theorem gives an upper bound on the cardinality of any model for the theory
of totally-ordered archimedean /-groups: the cardinality of an infinite model for this
theory is either Ry or Ny.

The proof of Holder’s theorem requires some preliminary results that hold more generally
for partially ordered groups. A partially ordered group is a structure (G, +,0, <) such
that (G, +,0) is an abelian group, (G, <) is a partially ordered set, and for all z,y,t € G,
if x <y then x +t < y+t. Clearly, a partially ordered group is an ¢-group if, and only
if, it is lattice-ordered as a partially ordered set. The notion of positive and negative
cone can be extended from f-groups to partially ordered groups in the obvious way. We
continue using the notation G, G™.

Definition 2.1.25. A partially ordered set is 2-directed if every pair of elements has an
upper bound and a lower bound.

Remark 2.1.26. We reserve the term directed to mean that each pair of elements has an
upper bound. The non-standard terminology 2-directed is only used in this section for
the sake of clarity.
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Lemma 2.1.27. A partially ordered group G is 2-directed if, and only if,

G=G"+G ={g1+92|91€G" and g2 € G}

Proof. Suppose that G is 2-directed and pick g € G. Upon considering the pair {0, g},
there exists ¥y € G such that g < yand 0 <y. Thusy€e G and g <y & g—y <
0 & g—vy € G . We conclude that g = y + (g — y), so that g € G + G~. Conversely,
let g1,92 € G and assume that there exist z,y,u,v € GT satisfying gy = = + (—y) and
g2 = u+ (—v). It follows

g=z+(-y) < r—qg €GT & g <,

G=u+(—v) & u—-—gp G’ & g <u.

Hence g1 < * <z +wu and g9 < u < o + u, because z,u € G*. This shows that = + u
is an upper bound for the pair g1, g2. Similarly, one can prove that —y — v is a lower
bound for the pair. O

Lemma 2.1.28. Let G and H be partially ordered set, and let f: Gt — H* be a
function satisfying f(a+0b) = f(a)+ f(b) for all a,b € G*. If G is 2-directed, then there
exists a unique monotonic group homomorphism f: G — H extending f.

Proof. Consider an element ¢ € G. By Lemma 2.1.27 there exist a,b € G such that
g = a+ (—b). Define the function f: G — H as

f(g) = fla) + (= f(b))-
This function is well-defined: if ¢,d € G satisfy g = ¢+ (—d), then
at+(=b)=c+(-d) & a+d=c+b = fla+d)=f(c+b) <

fla)+ f(d) = f(e) + f(b) < [fla)+(=f(b) = flc) + (=f(d)).

We show that f is a group homomorphism. Let g1,¢o € G and a,b,c,d € G be such
that g1 = a + (—=b) and g2 = ¢+ (—d). Since

gt+gp=a+(-b)+c+(=d)=(a+c)+ (—(b+d)),

we have
flgr+g2) = fla+c)+ (—f(b+d))
= f(a) + f(c) + (=f(b) + (=(f(d))
= fla) + (= (b)) + f(c) + (= f(d))
= f(g1) + f(g2)
Moreover,
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Now, suppose that g; < g2, i.e. g2 — g1 € GT. Then

f(g2) = 1) = Flg2 — 1) = f(g2 — 1) 20,

that is f(g1) < f(g2). Finally, suppose that f’ is another group homomorphism extend-
ing f. Upon considering an arbitrary element g € G and elements a,b € G such that
g =a+ (=b) (their existence is assured by Lemma 2.1.27), the map f’ will satisfy

Fg) = fa+(=0) = f'(a) + (= f (b)) = f(a) + (—f(b)) = f(9)-
O

Corollary 2.1.29. If G,H are {-groups and f: G* — H™T is a function preserving
sums and joins, then there exists a unique {-homomorphism f: G — H extending f.

Proof. Clearly, every lattice is a 2-directed partially ordered set, so that every f-group
is 2-directed. By Lemma 2.1.28 there exists a unique monotonic group homomorphism
f which extends f. We prove that f preserves the lattice structure. If g1, g2 € G, then

o1V g2) = Flor Ag2) = f((g1V g2) — (91 A g2))
flg1 = (91 A g2)) V (92 = (91 A 92)))
flgr = (g1 AN g2)) V f(g2 — (91 A g2))
= flg1 = (91 A g2)) V fg2 — (91 A g2))
= (f(g1) = flg1 AN g2)) V (F(g2) = f(91 A 92))
= (flg1) V f(g2)) — f(g1 A g2).

We conclude that f(g1 V g2) = f(g91) V f(g2). Furthermore,

FlorNg2) = fF(=(=q1 V —g2)) = =(f(=g1) V f(=g2)) = F(q1) A F(g2)-

We can finally prove Holder’s theorem:

Proof of Theorem 2.1.23. If G = {0} the proof is trivial. Let us fix an arbitrary element
a € G such that a > 0. For each b € G* define the set

b):={2ecQ|m=0,n>0 and ma < nb},

where m, n are integers and the notation ma, nb refers to the Z-module structure of the
group (e.g. ma represents the iterated sum of a with itself m times). The set Z(b) is
non-empty because 0 € Z(b), indeed for all n > 0 the condition 0 < nb holds. Observe
that, if ~ < and ™ € Z(b), then £ € Z(b). Assuming by contradiction that % ¢ Z(b),
we have ra > sb because G is totally-ordered. It follows

s(ma) < s(nb) = n(sb) < n(ra) = (nr)a < (ms)a = s(ma),
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a contradiction. Further, the set Z(b) C R is bounded: G is archimedean, thus there
exists k € N such that ka £ b, hence ka > b. This means that k = £ ¢ Z(b) and £ > o
for every ™' € Z(b), i.e. k is an upper bound for Z(b). Clearly, a lower bound for Z(b) is
given by 0. Define the function f: G* — R* which maps b € G to

f(b) :==supZ(b).

The map f is well-defined because R is totally-ordered, hence lattice ordered. We show
that f(b1 + b2) = f(b1) + f(b2) for all by,by € GT. Consider ™ € Z(b1) and £ € Z(b2).
We can assume without loss of generality that n = s. By the inequalities ma < nb; and
ra < nby we obtain

(m+r)a =ma+ ra < nby + nba = n(by + ba),

that is 2+ € Z(by 4 bz). In other words, f(b1) + f(b2) < f(b1 + b2). Conversely, if
™ > supZ(b1) and - > supZ(bz), then ma > nby and ra > nby, so that (m + r)a >
n(by + by). This shows that ™ > supZ(by + by), that is

f(b1) + f(b2) = f(b1 + b2).

If by < bo, then Z(by) C Z(by) by definition. Hence, since G is totally-ordered, f(b1Vby) =
f(b1) Vv f(b2). By Corollary 2.1.29 there exists a unique /~homomorphism f: G — R
extending f. We shall prove that f is an embedding. On the one hand, if b > 0 there
exists k € N such that a < kb, since G is archimedean and totally-ordered. In this case
1 € Z(b), whence f(b) = f(b) = supZ(b) > £ > 0. On the other hand, if b < 0 we have
f(b) = —f(=b) = —f(—b) < 0. This means that f(b) =0 = b =0, i.e. f is an injective
f-homomorphism. O

Remark 2.1.30. We will see in Theorem 2.1.57, after introducing strong order units, that
Hoélder’s theorem holds in a stronger form for unital /-groups.

2.1.3 Subobjects and Quotients

It is elementary that in every variety of (finitary) algebras, the monomorphisms coincide
with the injective homomorphisms. In the case of /-groups, the following definition
describes precisely the subobjects in the category ¢Grp.

Definition 2.1.31. An ¢-group (H, +,0, A, V) is said to be an £-subgroup of (G, +,0, A, V)
if (H,+,0) is a subgroup of (G, +,0), and (H, A, V) is a sublattice of (G, A, V).

It is easy to see that (as in any variety of algebras), given an ¢-group G, a subset H C G
is an ¢-subgroup if, and only if, H is (non-empty and) closed under the operations
+,—, A\, V.

Example 2.1.32. Z is an ¢-subgroup of R and Z x Z is an £-subgroup of R x R, where
sum and order are defined componentwise (see Example 2.1.17).
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However, while monomorphisms coincide with injective homomorphisms in a variety of
algebras, epimorphisms do not correspond to surjective homomorphisms in general. For
this reason, the notion of epimorphism is not suitable to describe the quotient objects
in the variety. The following standard example shows that the category of commutative
unital rings admits morphisms which are both mono and epi, but not surjective.

Example 2.1.33. For an arbitrary commutative unital ring R, let us consider homo-
morphisms of (commutative unital) rings

7]
Z<"sQ——R
T

satisfying ¢ o h = ¢ o h, where h is the inclusion of the ring of integers in the ring of
rationals. For all 7+ € Q, with m,n € Z, we have

¢ () =w(m-n") = p(m)-pn~") = p(m) - p(n)~
= w(m) - p(n) "' = d(m) -p(nY) =m0t = v (7).

The morphism h is an epi, however it is clearly not surjective.

The categorical notion which allows to define quotient objects is that of regular epi-
morphism, that is, a coequalizer of a pair of parallel arrows. For a variety of algebras,
quotients are in bijective correspondence with congruences which, in turn, correspond to
kernels of homomorphisms, defined as the sets of pairs of elements identified by the ho-
momorphism. In many notable instances, kernels can be defined more simply as subsets
of the domain. For example, in the theory of groups, the quotient groups are defined by
means of normal subgroups, that are precisely the kernels of group homomorphisms in
the usual sense.

If h: G — H is an ~-homomorphism, we shall find those properties which characterise the
group-theoretic kernel h=1(0) = {g € G | h(g) = 0}. Notice that h~1(0) is a subgroup
of GG, automatically normal, due to commutativity, since h is a group homomorphism.
Also, h is a lattice homomorphism, whence h~1(0) is a sublattice of G. Furthermore, if
g1 = go = g3 are elements of GG, then

h(g1) = h(gs) =0 = h(g2) =0

because h is order-preserving by Lemma 2.1.11. In other words, if g1,93 € h~%(0) and
g1 > g2 > g3, then go € h~1(0). Given a partially ordered set G and a subset I C G, we
say that I is order-convex (convez, for short) if, given arbitrary elements x,z € I and
y € G, y € I holds whenever z < y < z.

Definition 2.1.34. Let G be an ¢-group. A subset I C G is called an ¢-ideal of G if it
is a convex f-subgroup.

If no confusion arises, we write ideal meaning (-ideal. Every ¢-group G # {0} contains
at least two distinct ideals: namely, the trivial ideal {0} and the improper ideal G. It
is elementary that arbitrary intersections of ideals are ideals. One therefore defines the
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ideal (S) generated by a subset S C G as the intersection of all the ideals extending S.
If g € G is an element of the ¢-group, we denote by (g) the principal ideal generated by
g, that is the smallest ideal of G containing g. One can prove that such an ideal can be
explicitly described as

(9) ={z € G| 3In € N such that — nlg| <z < n|g|},

where |g| := g V (—g) is the absolute value of g [34, Lemma 1.1.6].

Example 2.1.35. Consider the ¢-group Z x Z, where sum and order are defined com-
ponentwise as in Example 2.1.17. The set G := {(2z,2y) € Z X Z | z,y € Z} is both
a subgroup and a sublattice of Z x Z. However, G is not convex since (2,0), (4,2) € G
and (2,0) < (4,1) < (4,2), but (4,1) ¢ G. A similar argument shows that the subset
H :={(z,z) € ZXZ | x € Z} is a non-convex {-subgroup of Z x Z. The ideal generated
by H, i.e. the smallest convex f-subgroup of Z x Z containing H, is the whole Z x Z.
The only non-trivial proper ideals of Z x Z are

L :={(z,00€ZxZ|xz€Z} and Iy :={(0,y) €EZXZ |y € Z}.

Definition 2.1.36. If I C G is an ideal of the f-group G, we define an equivalence
relation =; on G in the following way: for all z,y € G,

x=ry if, and only if, x —y € I.

Lemma 2.1.37. The equivalence relation =y is a congruence on G.
Proof. An elementary verification. O

As a consequence of the previous lemma, the set of equivalence classes

G

={lgl= 9 € G}

is naturally endowed with the structure of an ¢-group. By abuse of notation, we will
denote this /-group by % There is a surjective /~-homomorphism which is naturally

associated to the congruence =;: this is the map qr: G — % sending ¢ to [g]=, .

Starting from an ideal in G, we have constructed a surjective homomorphism ¢; with
domain G. The following proposition says that the converse is possible as well, and
that I C G is an ideal if, and only if, I = h~'(0) for some f-group H and some /-
homomorphism h: G — H.

Proposition 2.1.38. If h: G — H is an {-homomorphism, then h=1(0) is an ideal of
G. If, in addition, h is surjective, then

G-Iy g~
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Further, if I C G is an ideal, and qr: G — % is the natural quotient map, then
-1 .
ar ([0z,) = 1.

Proof. Tt is elementary that h=1(0) is an ideal of G. The second part of the statement
is a particular case of the first isomorphism theorem [18, Theorem 6.12]. Finally

(=) ={9€ G| lgley = [0} ={g€Glg—0eT} =1

O]

From what we have seen so far, given an ideal I of an /-group G, it makes sense to
ask what the associated quotient map is. For example, if I := {0} is the trivial ideal,
then the associated map is essentially the identity G — G. If I := G is the improper
ideal, the associated map is the unique £-homomorphism onto the terminal object of the
variety, that is G EN {0}. Observe that the category ¢Grp of ¢-groups, as the category of
groups, has a zero object, namely {0}, which is both initial and terminal.

Example 2.1.39. Let Iy, Is be the two ideals of Z x Z defined in Example 2.1.35. The
quotient map associated to the ideal I; sends a pair (z,y) € Z X Z to [(z, y)]EIl, where

[(z,y)l=;, ={(21,22) € ZXZ| (v — 21,y — 22) € 1}
{(21,22) EZXZ |y — 22 =0}

{(z21,y) EZXZ| =1 € Z}

[(0, )=,

Upon identifying [(0,y)]=, with its canonical representative (0,y), we see that

7 X 7

1

q: 72X 1 —»

1%

Z.

7 X 7

2

I

Z.

Similarly, for the ideal I3, g2 : (z,y) — [(av,())]EI2 and

Example 2.1.40. The lexicographic product ZX7, (see Example 2.1.20) has only one
non-trivial proper ideal, hence it admits only one non-trivial quotient. Assume that
J C ZX 7 is an ideal. Observe that, if J contains a non-zero element z, then it contains
all the elements between z and (0,0) by convexity. For example, if (1,0) € J, then J
contains all the infinitesimal elements of the form (0,z2). On the other hand J is a
group, so it is closed under sums and inverses, so that {(z1,0) € Z X Z | z1 € Z} C J.
It follows that J = ZXZ. Therefore, the only non-trivial proper ideal is the ideal of
infinitesimal elements I := {(0, 22) € Z X Z | zo € Z} corresponding to the quotient map

%
q:Z?Z—» ZXZ

I

Z

which sends every infinitesimal element to 0.
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2.1.4 Maximal ideals

Definition 2.1.41. Let G be an f-group. An ideal I C G is said to be mazimal if it is
proper and for every ideal J C G, if J # G and I C J, then I = J.

Notation 2.1.42. A maximal ideal of an £-group is usually denoted by m.

Remark 2.1.43 (For logicians). In the variety of Boolean algebras a congruence can be
represented by an ideal, or by its dual concept: a filter. Maximal filters are usually called
ultrafilters. The reason why the language of filters is used in logic, rather than that of
ideals, is due to the study of the Lindenbaum algebra of classical propositional logic. In
this context, a filter F' in the algebra corresponds to a deductively closed theory, and the
property x € F, x <y = y € F coincides with the rule of inference known as modus
ponens. Furthermore, ultrafilters represent those deductively closed theories which are
consistent and maximal. The latter are central in logic, since they are the syntactic
counterpart of the semantic notion of logical evaluation, in the following sense. Denote
by FORM the set of all well-formed formulae over a (countable) set of propositional
variables. If u: FORM — {0, 1} is an evaluation, then

O, :={a € FORM | i = a}

is a consistent maximal (deductively closed) theory. Conversely, if © is a (deductively
closed) consistent and maximal theory, the map ug: FORM — {0,1} defined by

po(la) =1 & a€ 0O

is an evaluation. Therefore, we can identify the ultrafilters of the Lindenbaum alge-
bra (the consistent maximal theories) with the models of the theory (the evaluations).
This correspondence between maximal consistent deductively closed theories and logical
evaluations generalises: since every Boolean algebra is the Lindenbaum algebra of some
classical propositional theory, we can think of the dual Stone space of a Boolean algebra
as the space of models for the associated theory.

The study of quotients of /-groups by maximal ideals is of particular interest. Specifically,
the next result will be fundamental in the development of Yosida duality in Chapter 3.

Lemma 2.1.44. Let G be an £-group. The following are equivalent, for any idealm C G.

1. The ideal m is either maximal or improper.
2. There exists an {-embedding % — R.

3. The £-group % 1s totally-ordered and archimedean.

Before proving the previous result, we shall introduce the concept of simple ¢-group.
In a variety of algebras, if h: A — B is a surjective homomorphism, the congruences
on B are in bijective correspondence, via h, with the congruences on A that extend
kerh = {(a1,a2) € Ax A | h(a1) = h(a2)}. Furthermore, this bijection is order-
preserving with respect to set-theoretic inclusion. We say that the algebra B is simple
if there are no non-trivial congruences on B.



2.1. Lattice-ordered groups 23

Corollary 2.1.45. If h: A — B is a surjective homomorphism of algebras, then ker h
is mazimal (with respect to inclusion of congruences) if, and only if, B is simple. O

In the case of the variety of ¢-groups, the notion of simple algebra can be rephrased in
the following way.

Definition 2.1.46. An (-group G is simple if its only ideals are {0} and G, or equiva-
lently if its only quotients are the identity G — G and G EN {0}.

Clearly, simple ¢-groups can be characterised as those ¢-groups for which the trivial ideal
{0} is either maximal or improper.

Remark 2.1.47. For the variety of ¢-groups, Corollary 2.1.45 states that, given a surjec-
tive -homomorphism h: G — H, the ideal h~1(0) is maximal if, and only if, H is simple
and non-trivial.

Example 2.1.48. It is easy to show that the f-group Z is simple, since the convex
closure of an arbitrary non-trivial £-subgroup is the whole Z.

Corollary 2.1.49. Let G be a non-trivial ¢-group, and let m C G be an ideal of G.
Then m is maximal if, and only if, % 1 a simple non-trivial £-group.

Proof. Denote by ¢q: G — % the quotient map sending g to [g]=, . By Proposition 2.1.38
we have ¢71([0]=) = m, hence by Remark 2.1.47 m is a maximal ideal if, and only if,

% is simple and non-trivial. O

Lemma 2.1.50. Every simple £-group is totally-ordered and archimedean.

Proof. Let G be a simple ¢-group and assume, by contradiction, that it is not archimedean
(hence, in particular, non-trivial). Then there exist g,¢’ € G such that g is non-zero
and infinitesimal with respect to ¢’, i.e. 0 < ng < ¢’ for all n € N. If (g) is the ideal
generated by g, then ¢’ ¢ (g), i.e. (g) is a proper non-trivial ideal of G. However, this
is a contradiction because G is simple. Suppose now that G is simple, but not totally-
ordered: there exist z,y € G satisfying « £ y,y £ . We can assume, without loss of
generality, that x,y > 0. Then z # x Ay # y, and

(—(AyY)A(y—(zAy) =0

by Lemma 2.1.4. Set  :=x— (zAy) and g := y— (x Ay), so that z,5 > 0 and Ay = 0.
Consider the ideal (Z) generated by Z, and suppose that y € (Z). This means that there
exists n € N such that nz > §. However ny > ¢ implies nz Any > ¢ > 0 and, by Lemma
2.1.12, it follows that £ A § # 0 which is not the case. Whence § ¢ (z) and (z) is a
non-trivial proper ideal of GG, that is a contradiction. O

The converse of Lemma 2.1.50 holds:

Corollary 2.1.51. FEwvery totally-ordered archimedean £-group is simple.
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Proof. Suppose that G is a totally-ordered archimedean ¢-group, and let I C G be a
non-trivial ideal of G. In particular, there exists a non-zero positive element y € I. Since
G is archimedean, for every element € G with 0 < y < x there exists n € N such that
ny & x, which is equivalent to z < ny because G is totally-ordered. Now, ny € I since
the latter is a group, and from the convexity of I we conclude that = € I. It follows
that —x € I as well, so that GT UG~ C I. However G = G UG~ for totally-ordered
groups, whence I must be the improper ideal. ]

Proof of Lemma 2.1.44. The equivalence between items 2 and 3 is exactly Holder’s The-
orem 2.1.23. We prove that item 1 is equivalent to item 2. If we assume that m C G is
either a maximal ideal or the improper ideal, then % is a simple ¢-group by Corollary
2.1.49, hence it is totally-ordered and archimedean by Lemma 2.1.50. The existence of
an {-embedding % — R is deduced by Holder’s theorem. Conversely, suppose that there
exists an f-embedding ¢: % — R.If % is trivial there is nothing to prove. By Corollary
2.1.49 it therefore suffices to show that % is simple. If I C % is a non-trivial ideal,
then ¢(I) is a subgroup and sublattice of R, but it is not necessarily convex. Consider
the ideal (¢(I)) obtained as the convex closure of ¢(I); this is a non-trivial ideal since
it contains I, whence (¢(I)) = R by Corollary 2.1.4. We shall prove, by contradiction,
that I = % Pick an element z € % \ I; we can suppose, without loss of generality,
that > 0. We have «(z) ¢ (1), but ¢(xz) € («(I)) = R, i.e. there exist elements
t(a),t(b) € o(I) such that t(a) < ¢(z) < ¢(b). The injectivity of ¢ implies a < z < b,
indeed e.g. t(a) < 1(z) < wa)Ai(z) =1(a) & lanz)=1(a) = aNz=0a < a< .
The ideal I is convex in % and a,b € I, whence x € I which is a contradiction. Therefore
% \ I = @ and I is the improper ideal. O

2.1.5 Strong order units

Definition 2.1.52. Let G be an /-group. An element u € G is a strong order unit for
G if, for each g € G, there exists n € N such that g < nu.

If u is a strong order unit for the ¢-group G, we say that (G, u) is a unital {-group. An (-
homomorphism h: (G,u) — (H,v) between unital ¢-groups is a unital £-homomorphism
if h(u) = v. We denote by ¢Grp, the category whose objects are unital ¢-groups and
whose morphisms are unital ~-homomorphisms.

Remark 2.1.53. If G is an archimedean totally-ordered ¢-group, then any strictly positive
element of GG is a strong order unit. Moreover, unless G is the trivial -group, each strong
order unit is a strictly positive element. This is the case, for example, for the ¢-group
R. We agree to fix the real number 1 as strong order unit: when referring to the unital
¢-group of the reals, we understand the pair (R, 1).

Lemma 2.1.54. Let (G,u) be a unital £-group and let I C G be an ideal. Then I is
proper if, and only if, u ¢ I.

Proof. Suppose that u € I. For all g € G there exists n € N such that —nu < g < nu.
Since I is a convex group, g € I, that is I = GG. The other direction is trivial. O
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Lemma 2.1.55. Let (G,u) be a unital ¢-group and let m C G be a proper ideal of G.
The following are equivalent.

1. The ideal m is maximal.

2. For all x € G, x ¢ m if, and only if, there exists n € N such that u — nz € m.

Proof. This is a straightforward translation of the analogue statement for MV-algebras,
proved in [21, Proposition 1.2.2]. O

Remark 2.1.56. With the same notation of the proof of Holder’s Theorem 2.1.23, we
observe that there exists a unique element x € G such that f(z) = 1. In fact, v = a
because

Z(a) ={2cQ|m=>0,n>0 and ma<na}={2ecQ|m=>0,n>0 and 2 <1}

which shows that f(a) = supZ(a) = 1. The uniqueness is a consequence of the injectivity
of the f-homomorphism f. Now, let (G,u) be a unital totally-ordered f-group. By
Remark 2.1.53, u is an arbitrary strictly positive element of G, unless G = {0}, in which
case u = 0. But if G = {0} and therefore u = 0, there is no unital {-homomorphism
(G,u) — (R,1). Hence, let us assume that G # {0} and uw > 0. By repeating the
construction in the proof of Holder’s theorem, with a = u, we see that there exists a
unital injective ~-homomorphism (G, u) — (R, 1). It is possible to prove that this unital
embedding is unique: the f-homomorphism is completely determined, once a strong
order unit has been fixed. This is the content of the following

Theorem 2.1.57 (Holder, unital version). If (G,u) is a non-trivial totally-ordered
archimedean unital £-group, then there exists a unique unital £-embedding

(G,u) = (R, 1).

Proof. In light of Remark 2.1.56, it suffices to prove the uniqueness. Suppose that
¢,: (G,u) — (R,1) are unital injective ¢~-homomorphisms. The map ¢ provides a
unital ¢-isomorphism between (G,u) and (A,1) := ¢(G,u), while ¢ provides a unital
¢-isomorphism between (G, u) and (B, 1) := (G, u). Then f :=op~1: (4,1) = (B,1)
is a unital ¢-isomorphism. We claim that f is the identity map. For an arbitrary element
x € R, define

Z(z):={2€Q|m>0,n>0 and m-1 < nz}.

If v € Aand 7' € Z(x), we have mf(1) = m -1 < nf(z), that is 7 € Z(f(x)).
The converse is analogous, hence Z(z) = Z(f(z)) and supZ(x) = supZ(f(x)). It is
elementary that, for all x € R, z = supZ(x). We conclude that f(z) =z for all x € A,
i.e. 1) 0 ¢~ ! is the identity map. Upon considering the inverse map f~!, it is clear that
also ¢ 09~ ! is the identity map, therefore ¢ = 1. O

Example 2.1.58. Recall by Lemma 2.1.22 that C(X,R) is an archimedean ¢-group, for
any topological space X. Assume now that X is a compact Hausdorff space. The com-
pactness of the space implies that every function f € C(X,R) is bounded, in particular
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there exists a € R satisfying f(z) < « for every x € X. Since 1 is a strong order unit
for the /-group R, there exists n € N such that @ < n - 1; this shows that the constant
function of value 1 on X, denoted by 1x € C(X,R), is a strong order unit for C(X,R).

Henceforth, when dealing with the ¢-group C(X,R), we assume that X is a compact
Hausdorff space. Although every ¢-group of the kind C(X,R) is unital and archimedean,
we shall see in the next example that not every archimedean unital /-group is of this
kind. A characterisation of those unital ¢-groups of the form C(X,R), for some compact
Hausdorff space X, is given by Yosida’s representation Theorem 3.2.18.

Example 2.1.59. Consider the unital ¢-group (Z,1), and suppose that there exists a
compact Hausdorff space X such that (Z,1) = (C(X,R),1x). If X = &, then C(X,R) =
C(2,R) = {x} = {0 = u} is the terminal object of the category ¢Grp,. In the ¢-group
{0 = u} the strong order unit coincides with the identity element of the group. However
Z % {x}, thus X # @. If the underlying set of the space X has cardinality at least 2,
then there exist distinct points p1,p2 € X. Observe that {p;}, {p2} are closed sets since
X is a Ti-space. Every compact Hausdorff space is normal [28, Theorem 3.1.9], so that
Urysohn’s lemma [28, Theorem 1.5.11] applies: there exist two functions f,g € C(X,R)
satisfying f(p1) =0, f(p2) = 1 and g(p1) = 1, g(p2) = 0. The elements f, g do not satisfy
either f < g or g < f, therefore C(X,R) is not totally-ordered, while Z is. The two
£-groups cannot be isomorphic, for an arbitrary ¢-isomorphism is both order-preserving
and order-reflecting. We are left with one possibility, that is X = {p}. But this cannot
be the case because C({p},R) 2 R and Z % R. In conclusion, the unital ¢-group (Z, 1)
is not of the form (C(X,R), 1x) for any compact Hausdorff space X.

2.2 MV-algebras

2.2.1 Basic theory

Let Lymy == {®,,0} be a language formed by a binary function symbol @, a unary
function symbol — and a constant 0.

Definition 2.2.1. An MV-algebra is an algebra (A, ®,—,0) satisfying the following
identities.

MV1 z2®(y®z)=(xDy) ® 2.

MV2 zdy=ydx.

MV3 260 ==z.

MV4 ——x = z.

MV5 z @ -0 = —0.

MV6 ~(-z@y)dy=(-yoz) S
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Observe that the first three axioms give to an arbitrary MV-algebra the structure of a
commutative monoid. In other words, if (A4, ®,—,0) is an MV-algebra, then (A, ®,0) is
a commutative monoid.

Example 2.2.2. Note that {0} is an MV-algebra, called the trivial MV-algebra. A
class of examples is given by Boolean algebras: it is easy to see that, if (4,A,V,—,0,1)
is a Boolean algebra, then (A,V,—,0) is an MV-algebra. It can be shown that the
variety of Boolean algebras coincides with the subvariety of idempotent MV-algebras,
i.e. MV-algebras satisfying the axiom x @ = = z [21, Corollary 1.5.5].

Example 2.2.3. The real interval [0,1] is an MV-algebra with respect to the follow-
ing operations: for all z,y € [0,1], z ® y := min(l,z+y) and =z := 1 — 2. Then
([0,1],®,—,0) is an MV-algebra, called the standard MV-algebra.

Example 2.2.4. In Example 2.1.21, given a topological space X, we defined the ¢-group
of all the continuous functions on X with values in R. Likewise, let C(X, [0,1]) denote
the set

{f: X —-[0,1] | f is continuous}.

Equipping this set with the pointwise operations inherited from the standard MV-algebra
[0, 1], it is elementary that C(X, [0, 1]) is an MV-algebra.

In an arbitrary MV-algebra we can define the following derived operations.

1:= -0,
TOyY:=xO Y.

rTOyY:

In the standard MV-algebra [0, 1], where @ represents the truncated sum, the derived
operation © represents the truncated difference given by x © y = max (0, — y).

Remark 2.2.5. If we set y = 1 in Axiom MV 6, we see that
“(zel)el=-0d2)dx,

and therefore
161l =—-26r,

that is x @ -z = 1.

The monoidal operation @ is not cancellative. However:
Lemma 2.2.6. For arbitrary elements x,y,z in an MV-algebra A,
fx@z=ydz and xOz=0=y0O 2z, thenx =y.

In particular, ify=x @y and x ©®y =0, then x = 0.

Proof. See [57, p. 106]. O
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Lemma 2.2.7. Let A be an MV-algebra and let x,y € A. The following are equivalent.

1. ~zdy=1.
2.20-y=0,1e.z0y=0.
3 y=x®(you).

4. There exists z € A such that z @ z = y.

Proof. See [21, Lemma 1.1.2]. O

The previous result allows us to introduce a natural partial order on every MV-algebra.

Definition 2.2.8. If A is an MV-algebra and z,y € A, then x < y if, and only if, z,y
satisfy the equivalent conditions of Lemma 2.2.7. If the order is total, we say that A is
an MV-chain.

Lemma 2.2.9. The natural order of an arbitrary MV-algebra has the following proper-
ties.
1. x <y if, and only if, -y < —x.

2. Ifx <y, then, forallz€e A, 2@ z<ydzandz®2<y0O 2.

Proof. See [21, Lemma 1.1.4]. O

Remark 2.2.10. The partial order of Definition 2.2.8 induces a lattice structure [21,
Proposition 1.1.5]. Specifically, if (A4, ®, —,0) is an MV-algebra, then (A, <) is a lattice,
where least upper bounds and greatest lower bounds are given by

TVy:=(roy) Dy,
zAy:=-(-zV-y =06 (-xdy).

Distributivity of ® (respectively @) with respect to V (respectively A) holds:

Proposition 2.2.11. The following identities hold in every MV-algebra.

1.20(yVz)=(z0y) V(xoz).

2.2®(yNz)=(zdy) ANz D 2).

Proof. See [21, Proposition 1.1.6]. O

Notation 2.2.12. If z is an element of an MV-algebra and n € N, by nx we understand
r®d---Dx.
N——

n times
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Lemma 2.2.13. Let A be an MV-algebra and let x,y € A. If x Ay =0, then nxAny =0
for alln € N.

Proof. See [21, Lemma 1.1.8]. O

We conclude with some properties enjoyed by totally-ordered MV-algebras.
Proposition 2.2.14. Suppose that A is an MV-chain. For oll x,y € A, the following
hold.

1. Ifepy <1, thenx©y=0.

2. x ®y =z if, and only if, either x =1 ory = 0.

. rdyd(z0y) =xdy.

i (z0Y)®(z®—y) Oy) ==z

Proof. See [21, Lemma 1.6.1, Proposition 1.6.2]. O

2.2.2 Ideals and congruences

Definition 2.2.15. Let (A, $4,—4,04) and (B, ®p, —~p,0p) be MV-algebras. An MV-
homomorphism is a function h: A — B such that, for all x,y € A, the following condi-
tions hold.

1. h(04) =0p.
2. h(x ®ay) = h(z) ©p h(y).

3. h(—az) = —gh(x).

In the following we shall omit the subscripts when referring to operations belonging to
different MV-algebras, as long as the context avoids confusion.

Remark 2.2.16. It is elementary that any MV-homomorphism preserves the derived
operations 1,®, 6, e.g. if h: A — B is an MV-homomorphism and z,y € A, then

h(z ©y) = h(=(-z & ~y)) = ~(h(-z © —y))
—(h(~z) ® h(-y)) = =(=h(z) ® =h(y))
h(z) ® h(y).

Remark 2.2.17. Every MV-homomorphism h: A — B is order-preserving. Indeed, let
x,y € A be such that z < y, or equivalently such that z = x Ay. Then h(z) = h(zAy) =
h(z) A h(y), that is h(z) < h(y).
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Given an MV-homomorphism h: A — B, we define the kernel of h as
ker h:= h™1(0) = {x € A| h(x) = 0}.

The kernel of an MV-homomorphism is not only a set, it has more structure:
Definition 2.2.18. A subset I of an MV-algebra A is an ideal if it satisfies the following
properties.

1. 0 el

2. If x €I, and y € A is such that y < x, then y € I.

3. Ifx,yel,thenaxdyel.
For an arbitrary MV-homomorphism A, kerh is an ideal: condition 1 is satisfied by
definition, while condition 2 holds because MV-homomorphisms are order-preserving.

Lastly, condition 3 is easily proved since x,y € ker h implies h(z © y) = h(z) ® h(y) =
0@ 0 =0, which shows that x & y € ker h.

The intersection of an arbitrary family of ideals is again an ideal, hence we can define
the ideal (V') generated by a subset V' as the intersection of all the ideals containing V.
It is easy to show that (see [21, Lemma 1.2.1])

(Vy={zx e A|TJv,...,ux € Vsuch thatx <v1 & D ug}.
In the particular case in which V' = {z} for some z € A, this reduces to
({z}) = {x € A| 3n € Nsuch that z < nz}.

The ideal ({z}) is denoted just with (z), and it is called the principal ideal generated
by z. Further, if I is an ideal and z € A, it is elementary that

(IUz)={x€ A|3IneN,Ja € Isuch that x < nz P a}.

Remark 2.2.19. Every non-trivial MV-algebra A contains two distinct ideals: the trivial
ideal {0} and the improper ideal A.

Definition 2.2.20. A proper ideal I of an MV-algebra A is said to be prime if, for all
z,y € A, either x ©y € I or y©x € I. Moreover, I is maximal if, for every ideal J of
A, I C J implies J = A.

Notation 2.2.21. A prime ideal of an MV-algebra is usually denoted by p, while a max-
imal ideal is denoted by m.

Prime ideals can be characterised as follows.

Lemma 2.2.22. Let p be a proper ideal of the MV-algebra A. The following are equiv-
alent.
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1. The ideal p is prime.

2. Forall x,y € A, x ANy € p if, and only if, either x € p or y € p.

Proof. See [57, Proposition 4.13]. O

Proposition 2.2.23. FEvery proper ideal of an MV-chain is a prime ideal.

Proof. Let I be a proper ideal of an MV-chain A, and consider z,y € A. Since A is
totally-ordered, we have either x < y or y < z, that is either t 6y =0or yoz = 0.
Every ideal, by definition, contains the element 0, thus we must have either x &6y € I
or y oz € I. We conclude that I is a prime ideal. O

Lemma 2.2.24. Let h: A — B be an MV-homomorphism. The following hold.

1. If J C B is an ideal of B, then h=1(.J) is an ideal of A.
2. For all x,y € A, h(x) < h(y) if, and only if, x Sy € ker h.
3. h is injective if, and only if, ker h = {0}.

4. kerh is a prime ideal of A if, and only if, B is non-trivial and h(A) is an MV-

chain.

Proof. 1. Let J be an ideal of B and let x,y € A. We prove that h=!(J) contains
the element 0, is downward closed, and closed under finite ®-sums. Clearly 0 € h=1(J)
because h(0) =0 € J. If x € h™1(J) and y € A satisfies y < x, then h(y) < h(z) € J
because any MV-homomorphism is order-preserving. Since J is downward closed, we
have h(y) € J, i.e. y € h=1(J). Finally, suppose that z,y € h=1(J). Then h(z ©y) =
h(z) @ h(y) € J because J is closed under sums, whence z ®y € h=1(J).

2. Let z,y € A; by Lemma 2.2.7, h(x) < h(y) if, and only if, h(z) © h(y) = 0. Moreover

h(z)oh(y) =0 & h(zroy) =0 & 20y € kerh.

3. If h is injective, then h(x) = 0 = h(0) implies x = 0, that is kerh = {0}. On the
other hand, assume that ker h = {0}. If h(z) = h(y), then h(x)Sh(y) = 0 = h(y)Sh(z).
It follows that h(x © y) = 0, so that x © y = 0. Therefore z < y. In a similar fashion,
y < x since h(y & x) = 0. We conclude that z = y.

4. We remark that the hypothesis of B being non-trivial is necessary: if B is trivial,
then the unique MV-homomorphism A — B is the trivial one, and its kernel is improper.
Now, ker h is prime if, and only if, for every =,y € A we have either x © y € kerh or
y &z € kerh, if, and only if, h(z) < h(y) or h(y) < h(x), by item 2. In turn, this is
equivalent to saying that h(A) is totally-ordered. O

Lemma 2.2.25. Given an arbitrary MV-homomorphism h: A — B, if m is a mazimal
ideal of B, then h=!(m) is a maximal ideal of A.
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Proof. See [21, Proposition 1.2.16]. O

In the variety of MV-algebras congruences, i.e. quotient objects, can be studied by
means of ideals, just like quotient objects in the variety of ¢-groups are studied through
f-ideals. With the aim of proving the existence of a bijection between congruences on an
MV-algebra A and ideals of A, we introduce an A-valued distance on the MV-algebra
A.

Definition 2.2.26. Let A be an MV-algebra. The Chang distance on A is the function
d: A x A — A defined by

d(z,y) = (z0y)® (y © x).

Example 2.2.27. In the standard MV-algebra [0, 1] the Chang distance coincides with
the absolute value function. Indeed, for every z,y € [0, 1],

d(z,y) = min(1, max(0, z — y) + max(0,y — z))
= min(1, |z —y|)
= |z —yl.

Proposition 2.2.28. In an arbitrary MV-algebra A, the following hold.

1. d(x,y) = 0 if, and only if, x = y.
2. d(z,y) = d(y, z).

3. d(z,2) < d(z,y) © d(y, 2).

4. d(z,y) = d(-z, ~y).

5. dlx®s,ydt) <d(z,y) ®d(s,t).

Proof. See [21, Proposition 1.2.5]. O

Definition 2.2.29. Let I be an ideal of the MV-algebra A. The relation =; on A is
defined by
x =ry if, and only if, d(z,y) € I.

Proposition 2.2.30. For every ideal I of A, the relation =y is a congruence on A and
={x € A|z=;0}. Conversely, if = is a congruence on A, then {x € A |z =0} is
an ideal, and x =y if, and only if, d(x,y) = 0.

Proof. See [21, Proposition 1.2.6]. O

This shows that the correspondence I —=j is a bijection between the ideals of the MV-
algebra A and the congruences on A. We shall denote the set A/ =; of equivalence
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classes by the symbol A/I; the equivalence class of an element x € A is x/I. Since =;
is a congruence, upon endowing A/ =; with operations

(/1) = (~x) /I, /I oy/l:=(xoy)/l,

the algebra (A/I,®,—,0/I) is an MV-algebra, called quotient MV-algebra. Clearly, the
quotient map = — x/I is a surjective MV-homomorphism whose kernel is precisely the
ideal I.

Remark 2.2.31. We have shown that the kernel of an MV-homomorphism A — B is
always an ideal of A. On the other hand, every ideal I of A arises as the kernel of an
MV-homomorphism with domain A, namely the kernel of the quotient map A — A/I.
Now, let us assume that A is a non-trivial MV-algebra and I C A is a proper ideal
of A. The MV-homomorphism ¢q: A — A/I satisfies kerq = I. By Lemma 2.2.24.(4),
I is a prime ideal if, and only if, A/I is totally-ordered. In other words, every prime
ideal of A arises as the kernel of an MV-homomorphism with domain A and codomain
a totally-ordered MV-algebra.

Proposition 2.2.32. If A is an M'V-chain, the set of all the ideals of A is totally-ordered
(with respect to set-theoretic inclusion).

Proof. Suppose, by contradiction, that I,.J C A are two ideals of A satisfying I ¢ J and
J ¢ I. Then there exist elements z € I\ J and y € J\ I. Now, A is totally-ordered, so
that x,y satisfy either x < y or y < . Assume without loss of generality that x < y;
since J is an ideal and < y € J, x must belong to J, and this is a contradiction. In
the case y < z, a similar argument applies. O

Lemma 2.2.33. Fvery prime ideal of an MV-algebra is contained in a unique mazimal
1deal.

Proof. Let A be an MV-algebra, and let p C A be a prime ideal of A. Consider the
family A of all proper ideals of A extending p. Then A is totally-ordered by [21, Theorem
1.2.11]. Hence m := (J;. 4/ is an ideal of A. The element 1 does not belong to any
ideal J € A, hence m is proper because 1 ¢ m. We prove that m is maximal. Suppose
that IV is a proper ideal such that m C N. In particular p € m C N, which implies that
N € A, that is m = N. The uniqueness follows easily: if m’ is a maximal (hence proper)
ideal extending p, then m’ € A. This shows that m’ C m; from the maximality of m’ we
conclude that m’ = m. O

We next prove an MV-algebraic version of Stone’s Lemma.

Proposition 2.2.34. If I is an ideal of the MV-algebra A, and a € A\ I, there ezists
a prime ideal p such that I Cp ea & p.

Proof. Denote by F the family of all the ideals of A that contain I, but do not contain
a. The latter family is non-empty because I € F; moreover F is partially ordered by
set-theoretic inclusion. We show that the hypotheses of Zorn’s Lemma are satisfied,
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i.e. that every totally-ordered subset {F,}, of F has an upper bound in F. The upper
bound is given by (J, F,. To prove this claim, observe that J, F, is an ideal: 0 € |J, F,
since 0 belongs to each F; if € | J, F, and y < «, then there exists F; such that x € F;
and therefore y € F; C |J, F,. Lastly, if z,y € |, F, and F,,, F,, C |J, F, are such that
x € F,, and y € F,,, since {F,}, is totally-ordered we have either F,, C F,, or F,, D F,,.
In the first case, € F,; C F,, 3 y and then 2@y € F,, C |, F,; the other case is proved
in a similar fashion. This shows that | J, F, is an ideal. Furthermore, J, F, € F. Indeed,
if I C F, forall¢, then I C |, F,, and if a ¢ F, for all ¢, then a ¢ |J, F,. Clearly, |, F, is
an upper bound for {F,},. By Zorn’s Lemma F has a maximal element, in other words
there exists an ideal p of A which is maximal with respect to the properties I C p and
a ¢ p. We prove that p is prime. Suppose by contradiction that there exist z,y € A such
that oy ¢ pand yox ¢ p. Since J Cp C (pUx ©y), and p is maximal between the
ideals satisfying J C p and a ¢ p, we conclude that a € (p Uz © y). That is, there exist
m € N and p € p such that a < m(x © y) @ p. For the same reason, upon considering
the ideal (p Uy © ), we can find n € N and ¢ € p satisfying a < n(y © ) ® ¢. Set
t :=max(m,n) and u:=p@®q € p. Then a < t(xOy) ®u and a < t(y © x) @ u, whence
by Proposition 2.2.11

a<(tzoy)du)A(tlyor)du) = (troy) Atlyox)) ®u.

However (z © y) A (y © z) = 0 by [21, Proposition 1.1.7], and Lemma 2.2.13 implies
(tlxoy) ANtlyo xz)) = 0. It follows that a < 0@ u = u, but u € p and a < u, so that
a € p that is a contradiction. O

Corollary 2.2.35. Ewvery proper ideal of an MV-algebra is the intersection of prime
ideals.

Proof. Let I be a proper ideal of an MV-algebra A. By Proposition 2.2.34, for each
a € A\ J there exists a prime ideal p, such that J C p, and a ¢ p,. Consider the family
{Pa}aca\s. We shall prove that (,c 4\ s o = J. Clearly (\,c 4y Pa 2 J, because po 2 J
for every a € A\ J. To prove the other inclusion, assume by contradiction that there is
2 € (Naears Pa) \ J. In particular z € A\ J, whence there exists a prime ideal p such
that J C p and ¢ p. Then p € {pa}aca\s, but this is absurd since = € ﬂaeA\J Pa
entails z € p. O

Corollary 2.2.36. FEvery non-trivial MV-algebra has a maximal ideal.
Proof. In any non-trivial MV-algebra A, {0} is a proper ideal; by Proposition 2.2.34,

there is a prime ideal p of A extending {0}. Lemma 2.2.33 implies that there exists a
unique maximal ideal extending p, so that A has a maximal ideal. O

2.2.3 Subdirect representation

Let {A;}icr be a family of MV-algebras, where I is an arbitrary set. The class of MV-
algebras is equationally defined, thus Birkhoff’s theorem [18, Theorem 11.9] entails that,
in particular, an arbitrary product of MV-algebras is again an MV-algebra. Explicitly,
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the cartesian products of the sets A;, denoted by [],.; Ai, can be endowed with (point-
wise) operations in the following way. If we think of an element f € [[,.; A; as a function
f: I — Ujer Ai such that f(i) € A; for every i € I, then we can define

(=/)(@) := = f (i) and (f @ g)(i) := f(i) ® g(i),

and 0 is the function 0: ¢ — 0;, for all ¢ € I. The algebra (I],c; Ai, ®,—,0) is an MV-
algebra, and it is called the direct product of the family {A;};c;. Further, the function
mj: [Lier Ai = Aj given by f — f(j) is an MV-homomorphism, called jth projection.

Definition 2.2.37. We say that the MV-algebra A is a subdirect product of the family
of MV-algebras {A4;}icr if, and only if, there exists an injective MV-homomorphism
h: A — [,c; Ai such that, for each j € I, the composition 7; 0 h: A — A; is surjective.

Remark 2.2.38. If A is a subdirect product of {A;};cr, then A is isomorphic to the

subalgebra h(A) of the product [[..; 4;; furthermore, for every j € I the restriction

el
Tjina h(A) — Aj is surjective. Saying that the MV-homomorphism ;o h is surjective,
means that for every a; € A; there exists an element of the subalgebra h(A) whose ith

component is a;; in other words, there is f € h(A) such that f(i) = a;.

Theorem 2.2.39. An MV-algebra A is a subdirect product of the family {A;}ier if, and
only if, there exists a family {J;}icr of ideals of A such that A; = A/J; for each i € 1,
and (;er Ji = {0}.

Proof. Suppose that A is a subdirect product of the family {4;};cs, so that there exists
an injective MV-homomorphism h: A — [[;c; A; such that, for every j € I, the MV-
homomorphism 7; o h: A — A; is surjective. If j € I, define J; := kerm; o h. By the
first isomorphism theorem [18, Theorem 6.12] we have ﬁ = JAJ_ = A;. It suffices to
prove that (,c; J; = {0}. One of the two inclusions is trivial. For the other inclusion,
assume that x € (,.; Ji; this means that, for all i € I, x € J; = kerm; o h if, and only
if, mj o h(x) = 0. Then h(xz) = 0 € [];.; A, whence x = 0 because h is injective. We
conclude that (), J; = {0}. Conversely, let {.J;};cr be a family of ideals of A such that
A; =2 A)J; for each i € I, and (;c; J; = {0}. Fix an isomorphism ¢;: A/J; = A; for
every i € I, and define an MV-homomorphism h: A — [[;c; A; as (h(2))(i) == &(F).
We have
rekerh < (h(z)(i)=0Viel & a(%) —0viel &

(2

T

T =0Viel s zeliviel & re ()i ={0}

! i€l
so that, by Lemma 2.2.24.(3), h is injective. To conclude, it is enough to show that,
for every j € I, the MV-homomorphism 7; o h: A — A; is surjective. If y € A;, since
the map ¢;: A/J; — A; is surjective, there exists J% € A/J; satisfying 5j(Jij) = .
Therefore 7 o h(a) = (h(a))(j) = Ej(Jl]_) =q. ]

Remark 2.2.40. We have just seen that any family of ideals {J;};c; of A, whose intersec-
tion is trivial, gives a representation of A as a subdirect product of the family {A/J; }icr.
More generally ([15, Corollary 1, p. 140]) the (isomorphic) representations of a finitary
algebra A as a subdirect product are in bijective correspondence with the families of
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congruences {0;};cr on A such that (),c;6; = 0, where 0 := {(z,y) € Ax A|z =y} is
the trivial congruence.

The following is known as Chang’s subdirect representation theorem:

Theorem 2.2.41. Every MV-algebra is a subdirect product of MV-chains.

Proof. If the MV-algebra is trivial, it is a chain and there is nothing to prove. By
Theorem 2.2.39, together with Remark 2.2.31, it suffices to show that the intersection
of all prime ideals of a non-trivial MV-algebra A is {0}. But {0} is itself an ideal, and
by Corollary 2.2.35 the theorem is proved. ]

2.2.4 Radical and infinitesimal elements

Definition 2.2.42. An MV-algebra A is simple if its only ideals are the trivial ideal
{0} and the improper ideal A.

Remark 2.2.43. In every simple non-trivial MV-algebra, the ideal {0} is maximal. There-
fore it is the unique maximal ideal, since any other ideal extends it.

Theorem 2.2.44. Let A be an MV-algebra. The following are equivalent.

1. A is simple and non-trivial.

2. A is isomorphic to a subalgebra of the standard MV-algebra [0, 1].

Proof. See [21, Theorem 3.5.1]. O

Remark 2.2.45. By Theorem 2.2.44, it follows that every simple MV-algebra is totally-
ordered. Moreover, the cardinality of a simple MV-algebra is not greater than N;, since
it can be embedded in the MV-algebra [0, 1].

Proposition 2.2.46. If A is an MV-algebra and J is an ideal of A, there is a bijective
order-preserving correspondence between ideals of A extending J, and ideals of A/J.

Proof. Denote by ¢ the map which sends an ideal I C A such that J C I, to the set
q(I):=1/J C A/J. We shall prove that ¢ is a bijective order-preserving correspondence.
First, we check that ¢ is well-defined, i.e. that I/J is an ideal of A/J. The element 0
is in I/J since kerq = J C I; if %,% € I/J, then x,y € I implies x &y € I because I
is closed under finite G-sums, whence 2 @ % = 29 € [/J. If £ € I/J, % € A/J satisfy
4 < %, it follows that ¥ < % if, and only if, ¥ © § = 0 if, and only if, yoz € J C I.
Thus @ (y © x) € I if, and only if, y ® (z © y) € I by Axiom MV6. This shows that
y<y®(xzoy) €l sothat y € I,ie 4 € I/J. We conclude that I/J is an ideal.

Regarding the bijectivity of g, for every ideal I extending J, we have

¢ a) ={reAlq@)eqDy={zcA|fecl/}={zecAlzecl}=1
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By Lemma 2.2.24.(1), if K C A/J is an ideal, then ¢~ !(K) is an ideal of A; consequently
J =kerq=q 1(0) C ¢ }(K) because 0 € K, and lastly

a(q ' (K)) = {q(@) |z € ¢ 1(K)} = {a(2) | q(z) € K} = K.

Finally, we show that q is order-preserving. If Iy, I» are ideals of A extending .J, and
Iy C Iy, then I1/J = q(I1) C q(I3) = Iz/J. On the other hand, if K;, Ky are ideals of
A/ J satisfying K1 C Ko, it follows

q_l(Kl) = {.’L‘ €A | % S Kl} - {l‘ €A | % € KQ} = q_l(KQ).
O
Corollary 2.2.47. An ideal m C A is maximal if, and only if, the quotient MV-algebra
A/m is simple and non-trivial.

Proof. This follows at once from Proposition 2.2.46. O

Definition 2.2.48. For an arbitrary MV-algebra A, the radical ideal of A, denoted by
Rad A, is the intersection of all the maximal ideals of A. An MV-algebra is semisimple
if its radical is trivial.

In the following proof we use the fact that all subalgebras of [0, 1] are simple.

Theorem 2.2.49. Let A be an MV-algebra. The following are equivalent.

1. A is semisimple and non-trivial.

2. A is a subdirect product of subalgebras of [0, 1].

Proof. By Theorem 2.2.39, A is a subdirect product of the family { A4;};c; of subalgebras
of [0,1] if, and only if, there exists a family {J;};cs of ideals of A such that A; = A/J;
for every i € I, and (;c; J; = {0}. By Corollary 2.2.47, this happens precisely when the
family {J;}ies is a family of maximal ideals of A whose intersection is trivial; in turn,
this is equivalent to asking that Rad A = {0}, i.e. that A is semisimple. O

The following statement, dealing with semisimple quotients, should be compared with
Corollary 2.2.47.

Lemma 2.2.50. Let A be a non-trivial MV-algebra, and let J be an ideal of A. Then
J is an intersection of mazimal ideals if, and only if, A/J is semisimple.

Proof. Let q: A — A/J be the quotient map, and suppose that A/J is a semisimple
MV-algebra. Upon denoting with {m;};c; the family of all the maximal ideals of A/J,
we have [);c;m; = {0}, and

J=kerq = q_l(O) = q_1<ﬂmi> = ﬂq_l(mi).

el il
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It suffices to show that each ideal ¢~'(m;) is maximal. If I C A is an ideal of A such
that ¢~ !(m;) C I, then Proposition 2.2.46 entails that m; = q(¢~*(m;)) C ¢(I) = I/J.
Since m; is maximal, we deduce that I/J = A/J, hence I = ¢~ !(q(I)) = ¢ *(q(A)) = A.
We have proved that J is the intersection of maximal ideals of A. In the other direction,
assume that J is the intersection of a family {m;};c; of maximal ideals of A, and let
{m/},cp be the family of all the maximal ideals of A containing J. Clearly {m;}ic; C
{m/},er, whence N,cpp m/ C ;c;mi = J. On the other hand, J C ()¢, m/, so that
J coincides with the intersection of all maximal ideals extending J. Applying the same
argument as above, along with Proposition 2.2.46, we have that {q(m/)},c is the family
of all maximal ideals of A/.J, and

Rad A/J = ﬂ q(m;]) = q( ﬂ m;]) =q(J) = {0}.

el el

O]

The elements of the radical ideal of an MV-algebra can be characterised as infinitely
small elements, in the following sense.

Definition 2.2.51. Let A be an MV-algebra. An element a € A is infinitesimal if, and
only if, @ # 0 and na < —a for every n € N. The set of infinitesimal elements of A is
denoted by infinit A.

Proposition 2.2.52. In an arbitrary MV-algebra A, Rad A = infinit A U {0}.

Proof. We begin showing that infinit AU {0} C Rad A. It is elementary that 0 € Rad A4,
therefore we prove that infinit A C Rad A. Let a € infinit A be an infinitesimal element
and assume, by contradiction, that a ¢ Rad A; in other words, there exists a maximal
ideal m of A such that a ¢ m. The ideal (mU{a}) strictly contains m, and m is maximal,
hence (m U {a}) is improper. In particular, 1 € (m U {a}), so that there exist n € N
and z € m satisfying 1 = na @ z. The element « is infinitesimal, thus na < —a and,
by Lemma 2.2.9.(1), a < —na. Lemma 2.2.7.(1) implies that 1 = na @ z if, and only if,
—na < z, whence a < na < z € m and a € m because m is downward closed. This is
a contradiction. In order to prove the other inclusion, namely Rad A C infinit A U {0},
let us suppose by contradiction that ¢ € Rad A is a non-zero element which is not
infinitesimal. This means that there exists m € N such that ma ¢ —a, or equivalently,
ma © —a # 0. By Proposition 2.2.34 there is a prime ideal p (extending the trivial ideal
{0}, and) which does not contain the element ma © —a. Since p is a prime ideal, we
have —-a © ma € p. By Lemma 2.2.33 there exists a maximal ideal m C A extending p,
that is =a © ma € p C m. Observe that

—a ©ma = -a® —ma = —(=—a® -—ma) = =(a ®ma) = -(m + 1)a.
Consequently (m + 1)a ¢ m, for otherwise we would have, by Remark 2.2.5,

l=(m+1)ad-(m+1aecm
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and therefore m = A which is not possible. The ideal m is closed under finite ®-sums
and (m + 1)a ¢ m, hence a ¢ m. Then a ¢ Rad A, a contradiction. O

In view of the characterisation of the radical ideal provided by Proposition 2.2.52, an
MV-algebra is seen to be semisimple if, ad only if, it does not contain any infinitesimal
element. The next result is stated for later use.

Lemma 2.2.53. If A is an MV-algebra and x,y € Rad A, then x ® y = 0.

Proof. Let z,y € Rad A be elements of the radical ideal. By Proposition 2.2.14 and
Chang’s subdirect representation Theorem 2.2.41, one can show that

rRYyd(zOy)=xdy.
Hence, by Lemma 2.2.6 it suffices to prove (x @ y) ® (z ® y) = 0. Notice that

ey ooy =(@dy) ©-(-z®y)
==(-(zdy) & (S y)).

This means that

(zoy) 0oy =0&
ey @ (- dy))
—(roy)d(zoy) =1s

r Dy < T dy. (Lemma 2.2.7)

=0«

Proposition 2.2.52 entails z < -z and y < -y, in other words there are z1, z0 € A such
that x @& 21 = = and y ® 20 = —y. Then

(@Y @ (21D 2)=(x®2)®(y®2) =26y,

that is equivalent, by Lemma 2.2.7, to c ® y < -~z & —y. 0

2.2.5 Representing semisimple and free MV-algebras

Semisimple MV-algebras admit a sharp characterisation: they can be represented as
algebras of continuous functions on some compact Hausdorff space, as stated below in
Proposition 2.2.69. It turns out that this representation of semisimple MV-algebras can
be deduced by the representation of a proper subfamily, that of free MV-algebras, since
every MV-algebra is a quotient of a free one. For this reason, the fundamental result in
this connection is McNaughton’s Theorem 2.2.64 which identifies the free MV-algebra
over k generators with the algebra of all continuous piecewise linear functions, with
integer coefficients, on the Tychonoff cube [0,1]® (which is a compact Hausdorff space,
with respect to the product topology).
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We briefly recall the general (category-theoretic) notion of free object. Let (C,U) be a
concrete category, i.e. C is a category and U: C — Set is a faithful functor. Given an
object X of Set and an object A of C, we say that A is a free object over X with respect
to U, if there exists a function i: X — U(A) satisfying the following universal property:
for all objects B of C and all functions f: X — U(B), there exists a unique morphism
g: A — B in C such that the following diagram commutes.

X — 5 U(A)
f U(g)
U(B)

If the previous conditions are satisfied, X is called a set of generators for A, and the
function ¢ is thought of as the insertion of generators. Free objects, when they exist, are
unique up to isomorphism and only depend on the cardinality of the generating set:

Proposition 2.2.54. Let X,Y be sets, and assume that there exists a bijection between
X and Y. If (C,U) is a concrete category and FX,FY are objects of C which are free
on X and Y, respectively, then FX = FY .

Proof. We first prove the case X =Y, i.e. we prove that F' X, if it exists, is unique to
within a unique isomorphism. By definition, there are two functions i: X — U(FX)
and i: X — U(FY) with the universal property; since F'X is free on X, there exists a
unique morphism ¢: FX — FY such that U(¢)oi = 4. But FY is also free on X, hence
there is a unique morphism v : FY — FX satisfying the condition U(%)) o = i.

U(FX)

U(FY)

A
|
|
|
|
|
|

U(y)

It is clear that the identity morphisms 1px,1ry are the unique morphisms satisfying
U(lpx)oi =iand U(1py)oi = i, respectively. However U (¢po¢)oi = i and U (¢or))oi = i;
we conclude that ¢ o ¢ = lpx and ¢ o) = 1py, that is FX =2 FY. Assume now that
o: X — Y is a bijection. We shall prove that the object F'Y, along with the function
ioo: X — U(FY), is free on X; the argument above will imply that FX and FY are
isomorphic objects. Suppose we are given an object A of C, and a function f: X — U(A).

X —25Y : U(FY)
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Since FY is free on Y, there exists a unique morphism g: F'Y — A such that U(g)oi =
f oo™, which is equivalent to U(g) oio o = f. In other words, FY is free on X. [

In most cases, for example when the category C is a variety of algebras (with homo-
morphisms as morphisms), the faithful functor U: C — Set is defined to be the usual
underlying-set functor. Free objects in finitary varieties of algebras always exist by a
theorem of Birkhoff [18, Theorem 10.12]. Specifically, they are constructed as algebras
of terms for the language (see Lemma 5.1.1). Another way of representing free algebras
is through term functions, as we shall see in Proposition 2.2.60 below, in the case of
MV-algebras.

Remark 2.2.55. More generally, it is known that (possibly non-finitary) varieties of
algebras correspond exactly, up to equivalence, to categories which are monadic over Set
(see [49], or [54, Theorem 5.40 p. 66, Theorem 5.45 p. 68]). In particular, in the latter
categories the underlying-set functor U admits a left adjoint functor ¥ 4 U: C — Set
mapping a set X to the free object F'(X) on X. Therefore, free objects exist also in
infinitary varieties of algebras.

Given an arbitrary cardinal &, the free MV-algebra over a set of k generators will be
denoted by Free,. It is clear, from the previous discussion, that the algebra Free, always
exists and it is unique up to isomorphism.

Remark 2.2.56. Every MV-algebra is isomorphic to a quotient of some free MV-algebra.
Assume that the MV-algebra A is generated by no more than k elements, and consider
a function X — U(A), where X is a set of cardinality k. The universal property of the
free MV-algebra Free,, provides a (clearly surjective) MV-homomorphism f: Free, — A.
By the first isomorphism theorem [18, Theorem 6.12] A is isomorphic to the quotient
Free, / ker f where ker f is, by Lemma 2.2.24.(1), an ideal of Free,. More generally, it
is clear that the argument has nothing to do with MV-algebras specifically, and thus
applies to all varieties of (possibly infinitary) algebras.

The first step toward a representation of free MV-algebras consists in showing that Free,
can be identified with the algebra of term functions on the MV-algebra [0, 1]".

Definition 2.2.57. Fix a cardinal x and consider a set {x,}a<x of propositional vari-
ables (i.e. there are distinct variables x1, z2, ..., Zq, ... for every ordinal number a < k).
The set of MV-terms is defined inductively as follows.

1. The constant 0 and the variables x, are MV-terms, for every ordinal o < k.
2. If 7 is an MV-term, then —7 is an MV-term.
3. If o, 7 are MV-terms, then (o & 7) is an MV-term.
Given an MV-algebra A, every term 7 for the language of MV-algebras gives rise to a

function 74: A% — A as follows.

Definition 2.2.58. Let 7 be an MV-term in the variables {x4 }a<x. The term function
74: A" — A is defined inductively on the number of connectives of 7 as:
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1. 2 := 7, (i.e., variables are interpreted as projections).
2. 04 := constant function of value 0 on A*.
3. (=)A= (7).

4. (com)4 =0t o

We write Term? for the set of all term functions on A*.

Remark 2.2.59. Every term function is, by construction, a function on A" depending

A

on a finite number of variables. Upon equipping Term;’

with pointwise operations, it is
easily seen that it is an MV-algebra. Specifically, it is a subalgebra of the MV-algebra

AA" of all the functions from A* to A.

Denote by Proj? the set of projections {mq: A® — A}q<x. Then

Proposition 2.2.60. For each cardinal k, Term,[?’l] is the free MV-algebra over the

generating set Proj,[g’l], in other words Term,[g’l] =
[07

such isomorphism that extends the bijection Projg v, {Za}a<r given by mq — T4

Free,. Moreover, there is a unique

Proof. See [21, Proposition 3.1.4]. O

Remark 2.2.61. Proposition 2.2.60 is a non-trivial result. In particular it amounts essen-
tially to Chang’s Completeness Theorem that [0, 1] generates the variety of MV-algebras,
i.e. that HSP([0, 1]) is the entire variety of MV-algebras.

A concrete representation of the MV-algebra Free, can be obtained by characterising,
intrinsically, those functions [0, 1] — [0, 1] that arise as term functions.

Definition 2.2.62. Let n > 1 be an arbitrary fixed integer. A function f: [0,1]" — [0, 1]
is a McNaughton function if the following conditions hold.

1. f is continuous.

2. f is piecewise linear with integer coefficients; in other words, there are finitely many
linear polynomials with integer coefficients p1, ..., pg (the linear constituents of f)
such that, for all y € [0,1]", there exists j € {1,...,k} such that f(y) = p;(v).

This definition can be generalised by considering an arbitrary cardinal number . A
function g: [0,1)® — [0,1] is a McNaughton function if there exist ordinal numbers
al,...,on < k and a McNaughton function f: [0,1]" — [0,1] such that, for all y =
(y1,92,-..) € [0,1]%, g(y) = f(Ways---+Ya,) The set of all McNaughton functions on
the Tychonoff cube [0,1]%, endowed with pointwise operations, is an MV-algebra. In
fact, it is a subalgebra of the MV-algebra [0, 1]1%:1",

Proposition 2.2.63. For every cardinal number k, the term functions f € Term,[.?’l]

are McNaughton functions.
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Proof. Clearly projections are McNaughton functions, and so is the constant function of
value 0 on [0,1]%. Let (=7)[% be a term function. By the inductive hypothesis, 70! has
linear constituents py,...,pg; it is easy to show that (—7)[1 is a McNaughton function

0.1] are term functions with

with linear constituents 1 — p1, ..., 1 — pg. Finally, if ¢[%1 7l
linear constituents p1,...,pr and qy, ..., q; respectively, then (0@7)[0’1] is a McNaughton
function whose linear constituents are among the polynomials {1, p; +¢;}, for 1 <i <k

and 1 < j <. O

The converse, namely that for every continuous piecewise linear function with integer

coefficients f: [0,1]" — [0, 1] there exists an MV-term 7 over the variables z1,...,x,
such that 7101 = f, was proved in 1951 by McNaughton [55, Theorem 2]. This re-
[0,1]

sults gives an MV-isomorphism between Term; '~ and the MV-algebra of McNaughton
functions on [0, 1]*. By applying Proposition 2.2.60, we conclude that

Theorem 2.2.64 (McNaughton). For every cardinal k, the free MV-algebra Free, is
isomorphic to the MV-algebra of McNaughton functions on [0,1]". Moreover, there is a
unique such isomorphism that sends x,, to 7y, for all a < k.

Proof. See [21, Theorem 9.1.5]. O

Remark 2.2.65. Henceforth, we identify Free, with its image under the isomorphism of
Theorem 2.2.64.

Recall that, if X is a topological space, then C(X, [0, 1]) is an MV-algebra (see Example
2.2.4). Moreover, it is easy to see that, as a subalgebra of [0,1]%, it is a subdirect
product of subalgebras of [0,1]. Thus, by Theorem 2.2.49, C(X,[0,1]) is a semisimple
MV-algebra.

Definition 2.2.66. Let X be a topological space. An MV-subalgebra A of [0,1]% is
said to be separating if, for every pair of distinct points y,z € X, there exists f € A
such that f(y) =0 and f(z) # 0.

Separating algebras of functions enjoy the following property.

Lemma 2.2.67. Let X be a compact Hausdorff space, let A be a separating subalgebra of
the MV-algebra C(X, [0, 1]), and let J be an ideal of A. The ideal J is an intersection of
mazximal ideals if, and only if, the quotient A/J is isomorphic to the MV-algebra whose
elements are restrictions of functions of A to the closed set ﬂfeJ f710), and whose
operations are defined pointwise from those of the standard MV-algebra [0,1].

Proof. See [21, Proposition 3.4.5]. O

Proposition 2.2.68. Let k be a cardinal number. The MV-algebra Freey, is a separating
subalgebra of C([0,1]%,0,1]).
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Proof. As stated in Remark 2.2.65, we regard Free, as the algebra of McNaughton
functions on [0, 1]%. In particular, it is a subalgebra of C([0,1]",[0,1]). We prove that
it is separating. Let y = (y1,¥2,...) and z = (21, 22, ...) be distinct points of [0, 1]* and
let o < k be an ordinal number such that y, # z,. Assuming without loss of generality
that y, < z4, pick a rational number r such that y, < r < z, and define the polynomial
p(zq) := axo — ar, where a is a positive integer such that ar is also an integer. It is
easy to see that the truncation (p vV 0) A 1 is a McNaughton function, hence an element
of Free,;, and that it takes value 0 in y, but not in z. ]

Proposition 2.2.69. An MV-algebra A is semisimple if, and only if, it is isomorphic
to a separating subalgebra of C(X,[0,1]) for some compact Hausdorff space X .

Proof. By Remark 2.2.56 there exist a cardinal number s and an ideal J of Free, such
that A is isomorphic to the quotient MV-algebra Free, /J. Proposition 2.2.68 states
that Free, is a separating subalgebra of C([0,1]",[0,1]), where [0,1]", equipped with
the product topology, is a compact Hausdorff space. By Lemma 2.2.50 and Lemma
2.2.67, Free, /J is semisimple if, and only if, it is isomorphic to the MV-algebra B
whose elements are McNaughton functions restricted to the closed set [ fed F710).
Define X =) feg f71(0). This is a closed set in a compact space, hence it is compact.
Moreover B is a separating subalgebra of C(X,[0,1]), because Free, is separating by
Proposition 2.2.68. ]

We conclude this section by showing that, for a semisimple MV-algebra A, the com-
pact Hausdorff space in the statement of Proposition 2.2.69 can be recovered (up to
homeomorphism) from the MV-algebra A. In fact, the connection is deeper: for every
MV-algebra there is a naturally associated compact Hausdorff space, unique to within
a homeomorphism.

Consider an arbitrary MV-algebra A, and let Max A denote the set of all maximal ideals
of A, ie.
Max A := {m C A | mis a maximal ideal of A}.

We define the spectral topology on Max A (sometimes called hull-kernel, or Stone-Zariski
topology) by giving, as a subbasis of closed sets, the family of all subsets of the form

F,:={me&MaxA|acm} CMaxA

for all a € A. The topological space Max A is called the mazimal spectrum of the
MV-algebra A.

Remark 2.2.70. Since every maximal ideal is prime, the family {F}}4c4 is closed under
finite unions by Lemma 2.2.22. Indeed, F, U I, = Fy for all a,b € A. Hence this
subbasis is, in fact, a basis for the topology of Max A. Moreover, the basis of closed sets
is closed under finite intersections because, for all a,b € A, F, N Fyp = Fyqp. Finally, we
remark that Fy = Max A and I} = @.

Lemma 2.2.71. For every MV-algebra A, Max A is a compact Hausdorff space.
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Proof. 1f A is the trivial MV-algebra, then Max A is the empty space, which is a compact
Hausdorff space. On the other hand, if A is non-trivial, then Max A is non-empty by
Corollary 2.2.36. Every two distinct maximal ideals m,n € Max A are incomparable,
meaning that there exist elements a,b € A such that « € m\nand b € n\ m. It is
possible to show that, for all x,y € A,

(zo@Ary) Ao (zry))=0. (2.1)

Indeed, it is elementary that (2.1) holds for MV-chains, and the general case follows by
Theorem 2.2.41. Then every maximal ideal of A contains the element (a S (a AD)) A (DS
(a A'b)), and Lemma 2.2.22 entails

Fae(a/\b) U Fbe(a/\b) = Max A.

Since a © (a Ab) < a €mand bO (a Ab) < b €n, it is clear that Max A\ Fg(qap) and
Max A\ Fys(qnp) are disjoint open sets separating the points m,n € Max A. To show that
Max A is compact, we shall prove that every family of closed sets with the finite inter-
section property (i.e. every finite subfamily has non-empty intersection) has non-empty
intersection. Let F be such a family of closed sets. By a standard application of Zorn’s
Lemma, upon considering the collection of all the families of closed sets extending F,
with the finite intersection property, we can find a maximal element G of this collection.
Observe that (|G C [ F, thus it suffices to show that G has non-empty intersection.
Since every closed set in Max A is the intersection of basic closed sets, we can assume
without loss of generality that every element of G is a basic closed set. Since G cannot
be empty, there is a € A such that F, € G. Define the set

n:={a€A|F,€gG}.

This is an ideal of A: the element 0 belongs to n because G is maximal; if ¢ € n and
b € A is such that b < a, then

Fp={meMaxA|bem}D{mecMaxA|lacm}=F, €@

so that Fy, € G because the latter is maximal. Finally, if a,b € n, then F,qp = F,NF, € G
(see Remark 2.2.70) again by the maximality of G and the fact that G has the finite
intersection property. We shall prove that n is a maximal ideal, in other words n &€
Max A. If I C A is an ideal of A that strictly contains n, then there exists k € I \ n.
In particular Fj, ¢ G; by the maximality of G, we deduce that there exists a family
{Fu}acar € G such that A’ C A is a finite subset, and (ﬂaeA, Fa) N F, = @. Upon
denoting s := @, 4 a, Remark 2.2.70 shows that s ® k = 1. However F; € G by the
maximality of G, hence s € n C I; the latter is closed under finite @®-sums, so that
1 € I. In other words I = A, and n is a maximal ideal. It is elementary to see that

NG = {n}. O

Let A be a non-trivial MV-algebra, and let m € Max A be a maximal ideal of A. By
Corollary 2.2.47 and Theorem 2.2.44, the quotient MV-algebra A/m is isomorphic to
a subalgebra of [0,1]. This means that there exists an injective MV-homomorphism
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tm: A/m — [0,1]. In fact, we shall see in Theorem 2.3.30 below, that such MV-
embedding is unique. By composing with the quotient map A — A/m, we obtain
an MV-homomorphism such that, for every a € A,

A= Afm—[0,1], arr & (2).

Now, we change the point of view: we fix an element a € A, and let the maximal ideal
m vary among the points of Max A. In this way, we get a function

a: Max A — [0,1], @(m) = up (2).

m

For each a € A, it is possible to see that @ is a continuous function on Max A, and the
correspondence a — @ defines an MV-homomorphism between the MV-algebra A and
the MV-algebra C(Max A4, [0, 1]) (see [57, Theorem 4.16]). This map, denoted by

“:A— C(Max A, 0,1]),

is natural, meaning that for every MV-homomorphisms h: A — B the following diagram
commutes. ~
A — C(Max A, [0, 1))

h —oh™1

B —— C(Max B, [0, 1))

The image of the MV-homomorphism ~: A — C(Max 4, [0, 1]) is a subalgebra of the
MV-algebra C(Max A, [0, 1]), denoted by A; its underlying set is

{@ € C(Max A,[0,1]) | a € A}.

We remark that A is a separating subalgebra of C(Max A, [0, 1]). Indeed, if m,n € Max A
are distinct (hence incomparable) maximal ideals, there exists a € m \ n, so that

(M) = o (2) = 1(0) = 0 and @(n) = 1 (2) £0,

because t, (unlike™) is injective. In other words, the element a € A separates the points
m,n € Max A.

The next result subsumes Proposition 2.2.69.

Theorem 2.2.72. An MV-algebra A is semisimple if, and only if, the natural MV-
homomorphism

A — C(Max A4, [0,1])
is injective, in which case A is isomorphic to the separating subalgebra A of C(Max A, [0,1]).
Proof. If A is a semisimple MV-algebra, i.e. the intersection of all maximal ideals of

A is the trivial ideal {0}, and a € A is a non-zero element, there exists m € Max A
such that a ¢ m. Then @ is not the constant function of value 0 on Max A, since
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a(m) = tm () # 0 because ty is injective. By Lemma 2.2.24.(3), the natural MV-
homomorphism ~: A — C(Max A, [0, 1]) is injective. On the other hand, upon assuming
the injectivity of the latter, we find that A is isomorphic to the separating subalgebra A of

C(Max A, [0, 1]). Then Proposition 2.2.69 entails that A is a semisimple MV-algebra. [J

Proposition 2.2.73. If X is a compact Hausdorff space and A is a separating MV-
subalgebra of C(X,[0,1]), then Max A is homeomorphic to X.

Proof. See [57, Theorem 4.16]. O

We briefly describe the homeomorphism of Proposition 2.2.73, in the case A = C(X, [0, 1]).
For every subset S C X, define

I(S):={f € C(X,[0,1]) | f(x) =0 for all z € S}.

It is elementary that I(S) is an ideal of the MV-algebra C(X,|0,1]). Moreover, it is
possible to show that the ideal I(S) is maximal if, and only if, S is a singleton and, in
fact, every maximal ideal of C(X, [0, 1]) is of the form I({p}) for some p € X (this is an
MV-algebraic version of Stone-Kolmogorov-Gelfand lemma [31]). In other words, there
is a bijection

px: X — Max C(X, [0,1]), px(p) :=I({p})

We claim that, for every compact Hausdorff space X, px is a homeomorphism. To see
that px is continuous, consider a basic closed set

Fp:={m e MaxC(X,[0,1]) | f € m},
for some f € C(X, [0, 1]). We prove that its preimage under px is a closed subset of X.

py (Fp)={pe X |I({p}) e Fy} ={pe X | fel({p)} ={p € X | f(p) =0} = f(0),

where the latter is closed, being the preimage of a point in a Hausdorff space under a
continuous function. Since a continuous bijection from a compact space to a Hausdorff
space is a homeomorphism, the claim is proved.

2.3 The equivalence I'

Denote by MV the category of MV-algebras and MV-homomorphisms, and recall that
£Grp, denotes the category of unital /-groups and unital £-homomorphisms. In this
section we shall introduce Mundici’s equivalence between the categories MV and ¢Grp,,.
From a logical point of view, this categorical equivalence allows us to translate results
from the theory of unital /-groups, which is not even first-order axiomatisable, into
results about the variety of MV-algebras, and conversely. Yosida duality for (a certain
class of ) unital ¢-groups, along with the possibility of reducing to an equational language
via Mundici’s equivalence, point the way for the duality obtained in Chapter 4.
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Firstly we will introduce the functor I': /Grp, — MV mapping a unital ¢-group to its
unit interval. The fact that this functor is an equivalence is proved by giving a quasi-
inverse =: MV — ¢Grp,. The construction of the latter requires the notion of a good
sequence in an MV-algebra, which we introduce before defining the functor =.

Given an /-group G and an element G > u > 0, consider the set
0,u] :={z € G|0<z<u}

This can be endowed with MV-algebraic operations in the following manner: for every
x,y € [0,u], define
r®y:=uN(r+y), and -z :=u—z.

It can be checked that the axioms for an MV-algebra are satisfied, in other words:

Lemma 2.3.1. If G is an ¢-group and G > u > 0, then I'(G, u) := ([0, u], ®,—,0) is an
MV-algebra.

Proof. See [21, Proposition 2.1.2]. O

So far, we have not assumed that the ¢-group G is unital. Further, the element u of
Lemma 2.3.1 is an arbitrary non-negative element of the ¢-group G. When G is a unital
¢-group and u is a strong order unit for G, then the MV-algebra I'(G, u) is called the
unit interval of G.

Example 2.3.2. I'(R, 1) = [0, 1], the standard MV-algebra.

Example 2.3.3. For any compact Hausdorff space X, I'(C(X,R)) = C(X,[0,1]) (cf.
Examples 2.1.58 and 2.2.4).

Remark 2.3.4. Let G be an £-group, and let u > 0 be a non-negative element of G. The
set S:={z € G| || < nu for some n € N} is contained in G, in fact S is an ideal of G,
generated by u. Moreover, u is a strong order unit of S. Observe that

I'S,uy={xeS|0<x<u}
={z € G| |z|] <nu for some n €N, and 0 <z < u}
={reG|0<z<u}
=I(G,u).

For this reason, when dealing with the MV-algebra I'(G, u), where G is a unital ¢-group
and u is a positive element of GG, we shall always assume that u is a strong order unit
for G, so that S = G.

The following facts are elementary.

Lemma 2.3.5. If f: (G,u) — (H,v) is a unital {-homomorphism, then

L(f) := fijon: T(G,u) = T'(H,v)

1s an MV-homomorphism. ]
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Corollary 2.3.6. I': /Grp, — MV is a functor from the category of unital ¢-groups to
the category of MV-algebras. O
We now turn to good sequences.

Definition 2.3.7. A good sequence in an MV-algebra A is a sequence a = (a1, az, as, .. .)
where, for all 4, a; € A, a; ® a;31 = a; and there exists ng € N such that a,, = 0 for
every n > ng.

Notation 2.3.8. A sequence (ai,as,...,an,0,0,...)is denoted simply by (a1, aq,...,a,).

In other words, we do not distinguish between the sequence (aj,as,...,a,) and the
sequence (ai,ag,...,a,,0™) for any m € N, where 0™ represents a m-tuple of zeroes. If
a € A, then (a,0,...,0,...) is a good sequence, and it is written as (a).

Example 2.3.9. If A is a Boolean algebra (see Example 2.2.2), then a good sequence
in A is a non-increasing eventually zero sequence of elements. This is due to the fact
that, in any idempotent MV-algebra, x @ y = x V y [21, Theorem 1.5.3].

Good sequences in totally-ordered MV-algebras admit a sharp characterisation.

Proposition 2.3.10. Every good sequence in an MV-chain A is of the form (17, a), for
somep €N and a € A.

Proof. Let (a1,az2,as,...) be a good sequence in A. In particular, for all 4, the condition
a; ® aj+1 = a; is satisfied. By Proposition 2.2.14.(2) we must have either a; = 1 or
a;+1 = 0. Since the identity @ 1 = 1 holds in any MV-algebra, an arbitrary good
sequence in A is of the form (17,a,0,0,...) = (17,a) for some p € N and a € A. O

Lemma 2.3.11. Suppose that the MV-algebra A is a subdirect product of the family
{A;}icr. The sequence a = (ay,...,an,...) of elements of A is a good sequence if, and
only if, for everyi € I

a; — (7r,;(a1), ey Wi(an), .. )

is a good sequence in A;, and there exists ng € N such that m;(ay) = 0 for all n > ng
and for all i € I.

Proof. 1t is sufficient to observe that a,, ® an4+1 = a, if, and only if, m;(an) ® mi(an+1) =
mi(an @ ant1) = mi(ay,) for every i € I. Therefore a is a good sequence in A if, and only
if, each a; is a good sequence in A; and there exists ng € N such that, for all n > ng
and for all i € I, m;(a,) = 0. O

Definition 2.3.12. Given good sequences a = (ay,...,ay) and b= (by,...,by), define
their sum a+ b as the sequence ¢ = (c1,c2,c3,...), where

i =0a;®(a_10b1) B (a1 ®bi—1) B b;.
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Remark 2.3.13. Consider an MV-chain A, and good sequences a,b in A. Proposition
2.3.10 states that there exist p,q € N and a,b € A such that a = (17,a) and b= (19,b).
Applying the definition of the sum of two good sequences, we find

(17,a) + (19,6) = (1", a @ b,a © b).

By Proposition 2.2.14.(1) a® b < 1 if, and only if a © b = 0. Hence we must have either
(17,a) + (19,b) = (1P*9+L a © b) or (1P,a) + (19,b) = (1779, a @ b). In both cases, the
sequence a + b is again a good sequence in the MV-chain A. In fact, this is true for an
arbitrary MV-algebra:

Proposition 2.3.14. If a and b are good sequences in the MV-algebra A, then a+ b is
a good sequence in A.

Proof. If A is trivial, then (0) + (0) = (0) is a good sequence. Hence we assume that A
is non-trivial. By Theorem 2.2.41 the MV-algebra A is a subdirect product of a family
of MV-chains {A;}ier. Since a = (ai,...,a,) and b = (by,...,by,) are good sequences
in A, by Lemma 2.3.11 the sum a+ b= ((a+b)1,...,(a+b)mtn,...) is a good sequence
in A if, and only if, for every i € I, mj(a+ b) = (mi(a + b)1,...,mi(a + b)myn,...) is a
good sequence in A;. By hypothesis a and b are good sequences in A, hence

mi(a) = (mi(ar),...,mi(an)),

and
mi(b) = (mi(b1), ..., mi(bm))

are good sequences in A;. Since A; is totally-ordered, Remark 2.3.13 implies that m;(a)+
m;(b) is a good sequence in A;. We conclude that, for every i € I, m;(a+b) = m;(a)+m;(b)
is a good sequence in A;. O

Proposition 2.3.15. Let A be an MV-algebra, and let M4 denote the set of good se-
quences in A. Then (Ma,+,(0)) is a commutative monoid (where the operation + is the
sum of good sequences). Further, for good sequences a, b, ¢ € My, the following hold.

1. Ifa+ b=a+c, then b= c.

2. If a+ b= (0), then a= b= (0).

Proof. See [21, Proposition 2.3.1]. O

Remark 2.3.16. If @ = (ay,...,ay,) and b = (by,...,b,,) are good sequences, we can
assume without loss of generality that m = n. In fact, if e.g. m < n, it is enough to
consider b = (by,..., by, 0" ™) (cf. Notation 2.3.8).

Proposition 2.3.17. Let a = (a1,...,a,) and b= (b1,...,b,) be good sequences in the
MV-algebra A. The following are equivalent.

1. There exists ¢ € M4 such that b+ ¢ = a.
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2. b;<a; foralli=1,...,n.
Proof. See [21, Proposition 2.3.2]. O

Proposition 2.3.17 allows us to equip the commutative monoid M4 with a partial order:
we agree to set b < a if, and only if, the good sequences a, b satisfy the equivalent
conditions above. In fact, it is elementary that the relation < is a reflexive, transitive,
and antisymmetric relation on M4.

Lemma 2.3.18. Let a, b be good sequences in the MV-algebra A.

1. If b < a, then there exists a unique ¢ € M4 satisfying b+ ¢ = a.

2. The partial order < on Ma is invariant under translations, i.e. if b < a, then
b+d< a+d for every de My.

Proof. Ttem 1 follows at once by Proposition 2.3.15.(1) for, if ¢, € M4 are such that
b+c=a=0b+ ¢, then ¢ = ¢. Concerning item 2, if b < a, then there exists ¢ € My
satisfying b + ¢ = a, so that the good sequences b + ¢ and a coincide termwise. If
d € M, is an arbitrary good sequence, each term of the sequence b+ ¢ + d is equal to
the corresponding term of the sequence a + d, in other words b+ d < a+ d. O

It is possible to show that the partially ordered set (M4, <) is a lattice [21, Proposition
2.3.5]. Indeed, if a, b € M4, the following are good sequences

aVb:=(aVbi,...,apVby,...),

aNb:= (a1 Aby,...,an ANby,...)

and they are the least upper bound and the greatest lower bound of the pair a, b,
respectively.

In the following, starting with an MV-algebra A, we shall construct an ¢-group G 4 whose
positive cone is isomorphic to the lattice-ordered commutative monoid M 4.

Remark 2.3.19. Given the lattice-ordered commutative monoid NU{0}, we can construct
an (-group G such that G = N U {0}, as the quotient of NU {0} x NU {0} by the
equivalence relation (m,n) ~ (p,q) if, and only if, m + ¢ = p + n. Clearly G = Z, and
we obtained the integers by considering differences of natural numbers.

The previous remark represents the motivation for the next

Definition 2.3.20. The equivalence relation ~ on M4 x M4 is defined as follows: if
(a,b),(c,d) € Mg x My, then (a, b) ~ (¢, d) if, and only if, a+ d = ¢+ b. Denote by

[a,b] :={(c,d) € Mg x M4y | (a,b)~(c,d)}

the equivalence class of the element (a, b), and by G 4 the set M4 x M,/ ~ of equivalence
classes.
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Lemma 2.3.21. The structure (G 4, [(0), (0)],+) is an abelian group, where
[a,b] +[c,d] := [a+ ¢, b+ d],

—[a, b] :=[b, a].

Proof. Tt is easy to check that (G4, [(0),(0)],+) is an abelian monoid, since so is M4.
Therefore it suffices to observe that

[a, b] + (—[a, b]) = [a, b] + [b, a] = [a+ b, a+ b] =[(0), (0)]

because a+ b+ (0) = (0) + a+ b. O

The next step is defining an order on the abelian group G4 which induces a lattice
structure on G 4.

Definition 2.3.22. Let A be an MV-algebra, and let [a, b], [¢, d] € G4. Set [a, b] < [c, d]
if, and only if, there exists e € M4 such that [c, d] — [a, b] = [e, (0)].

Remark 2.3.23. Notice that, for all [a, b], ¢, d] € G4,

[a,b] < [c,d] < [c,d] —[a,b] = [e, (0)]
< [c+b,a+d] = [e, (0)]
& c+b+(0)=e+a+d
& at+d+e=c+b
& a+d<c+b,

where < is the partial order on the monoid M 4. Consequently, it is clear that the map
Y: Ma — G4 defined by ¥(a) := [a, (0)] induces an isomorphism between the monoid
M4 and the positive cone of the partially ordered group G4, namely

le,d] € G4 |0=[cd}
[c,d]EGA’C> d}-

Gy

{
{

Indeed, it is obvious that 1) is injective and that )(M4) = {[a, (0)] | a € M4} C G7; on
the other hand G C ¢(M4) by Proposition 2.3.18.(1).

Proposition 2.3.24. The partial order < on G 4 is invariant under translations, and
(G4, =) is a lattice. For every pair of elements [a, b], ¢, d] € G, the least upper bound
and greatest lower bound are given, respectively, by

[a,b] V[e,d] =[(a+d)V(c+b),b+d,

[a,b] A e, d] = [(a+ d) A (c+b), b+ d].
Proof. See [21, Proposition 2.4.2]. O

The ¢-group G 4 is called the Chang £-group associated to the MV-algebra A.
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Proposition 2.3.25. The element ua := [(1), (0)] is a strong order unit for G 4.

Proof. Let |a, b] € G4. We only prove the result for the case in which [a, b] belongs to
the positive cone of G 4, and leave the rest to the reader. By Remark 2.3.23 there exists
e = (e1,e2,...) € My such that [a, b] = [e, (0)]. Let m € N be such that e, = 0 for
every n > m. We conclude that [e, (0)] < mua = [1™, (0)] because

e, (0] < [1™,(0)] & e+ (0)<1™+(0) & e<1™ & & <1 Vi<m.
O

Corollary 2.3.26. If A is an MV-algebra, then Z(A) := (Ga,u4) is a unital £-group.
O

Remark 2.3.27. The map ¢: A — I'(Ga,ua), given by ¢(a) := [(a),(0)], is an MV-
isomorphism between the MV-algebra A and the unit interval of the unital ¢-group G 4.
Indeed, by Remark 2.3.23, the underlying set of I'(G4,u4) is

{la, b € G4 [[(0),(0)] < [a, b] = [(1), (0)]} = {[(c), (0)] € Ga | c € A},

which is in bijection with A. This bijection extends to an MV-isomorphism [21, Theorem
2.4.5]. Moreover, the MV-algebra A is totally-ordered if, and only if, the unital ¢-group
G 4 is totally-ordered. On the one hand, if A is an MV-chain, then the monoid My is
also totally-ordered, and so is G4. On the other hand, if GG 4 is totally-ordered, then its
unit interval I'(G 4, u4) is totally-ordered. But the latter is isomorphic to A, hence A is
an MV-chain.

With respect to morphisms, if h: A — B is an MV-homomorphism, one can show that
the map h*: My — Mp, sending the good sequence a = (aj,as,...) € M4 to h*(a) :=
(h(a1),h(az),...), is both a monoid homomorphism and a lattice homomorphism. Fur-
ther, the map Z(h): (Ga,ua) — (Gp,up), given by Z(h)[a, b] := [h*(a),h* ()], is a
unital /-homomorphism (see [21, pp. 139-140]). Composition of MV-homomorphisms
and identities are easily seen to be preserved. Summing up:

Corollary 2.3.28. =: MV — {(Grpy is a functor from the category of MV-algebras to
the category of unital £-groups. O

Remarkably, in 1986 Mundici [56, Theorem 3.9] proved:

Theorem 2.3.29. The functorI': £Grp, — MV is an equivalence between the category of
unital £-groups and the category of MV-algebras, whose quasi-inverse is Z: MV — £Grpy.

Proof. See [21, Theorem 7.1.2, Theorem 7.1.7]. O

By Theorem 2.1.57, along with the functor I, it follows at once that
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Theorem 2.3.30. Fvery non-trivial semisimple MV-chain admits a unique MV-embedding
in the standard MV-algebra [0,1]. In particular, if A is any non-trivial MV-algebra, and
m € Max A, then there is a unique MV-embedding

bm: 2 — [0,1].



Chapter 3

Yosida duality

What we refer to, in modern terms, as the investigation of the dual of the category
KHaus, was traditionally tackled through the study of the continuous functions over
a given space. In this framework, the main role is played by C(X), the collection
of all the continuous (R or C)-valued functions on the compact Hausdorff space X.
Depending on the structure we endow the codomain with, C(X) can be regarded in
rather different ways. The literature on C(X) as a ring is extensive, see for example
[33], but many other structures have been taken into consideration (lattice, vector space,
Banach algebra, etc.). Historically, the three main representation theorems concerning
C(X) were proved at the beginning of the forties. In 1941, Kakutani [45] gave an order-
theoretic characterisation of the unital real Banach lattices (=unital lattice-ordered real
Banach spaces) of the form C(X,R). It is clear that, in his work, the non-algebraic
concept of norm plays a crucial role. Although the approach adopted by Kakutani was
more general, we remark that this representation result was announced simultaneously
in [47] by M. and S. Krein. The related duality between KHaus and the category whose
objects are some unital real Banach lattices (called M-spaces) and whose morphisms are
unital vector lattice homomorphisms, was made explicit in [8]. In the same year, Yosida
showed in the landmark paper [67] that a vector lattice (=lattice-ordered real vector
space) with a strong order unit is isomorphic to C(X,R), for some compact Hausdorff
space X if, and only if, it is archimedean and norm-complete. In sharp contrast with the
Kakutani-Krein-Krein result, the norm on the vector lattice is not a primitive operator,
but it is induced by the strong order unit. Yosida’s representation theorem extends to
a categorical duality with KHaus, and even if the dual class of vector lattices fails being
equationally definable, it still involves algebraic language only. Finally, in 1943, on the
way to a representation theorem for (possibly non-commutative) complex C*-algebras,
Gelfand and Neumark [32] proved that a complex unital C*-algebra can be represented
as the family of all continuous C-valued functions on a compact Hausdorff space if, and
only if, it is commutative. This result gives rise to the well-known Gelfand-Neumark
duality (see Section 6.2). As in Kakutani’s representation result, the norm is a primitive
element in the structure of a C*-algebra.

What follows is an account of Yosida’s representation theorem, in the language of /-
groups, and of the related categorical duality.

55
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3.1 The Holder-Yosida construction

Recall that, by a unital ¢-group, we understand an abelian lattice-ordered group with a
distinguished strong order unit (Definitions 2.1.1 and 2.1.52). In Example 2.1.59 we have
seen that not every archimedean unital ¢-group is isomorphic to an ¢-group of the form
C(X,R) for some compact Hausdorff space X. Indeed, a counterexample is provided by
the unital archimedean ¢-group (Z, 1). Nevertheless, Z can be embedded in the ¢-group
C({p},R) Z R, where {p} is any one-point space. The Holder-Yosida construction shows
that every archimedean unital /-group admits such an embedding.

Remark 3.1.1. The Holder-Yosida construction is the analogue for unital ¢-groups of
Chang’s representation result for semisimple MV-algebras, see Theorem 2.2.72. Indeed,
it is possible to obtain one result from the other by applying the functor I' of Theorem
2.3.29. In the special case of totally-ordered structures this is carried out in Theorem
2.3.30.

Let (G, u) be an archimedean unital ¢-group. We shall find a compact Hausdorff space
X, along with an embedding (G,u) — (C(X,R), 1x). The idea is the same described in
the case of MV-algebras at the end of Section 2.2, mutatis mutandis. Define the set

Max G := {m C G | m is a maximal ideal of G}.

By Lemma 2.1.44, for every maximal ideal m € Max G, there exists an injective /-
G

homomorphism = — R; further, Theorem 2.1.57 states that there exists a unique unital
embedding
b (o) = (R, 1).

m’m
The composition of maps
g9 & b (7)
shows that, once we fix a maximal ideal m, we can associate to each element g € G a
real number by, (%) € R. Reversing the point of view, given an element g € G, we can
define a function

g: MaxG — R, g(m):=bn ().

m

Here, the element g € G is fixed, while m varies among the elements of Max G. In view
of the previous construction, it makes sense to ask whether maximal ideals exist in an

arbitrary unital /-group.

Lemma 3.1.2. If (G,u) is a non-trivial unital £-group, then there exists a mazimal
ideal in G.

Proof. The argument is a standard application of Zorn’s Lemma, therefore we shall just
give a sketch of the proof. Assume that the ¢-group (G, u) is non-trivial, i.e. G # {0 = u}.
Hence {0} is a proper ideal of G. Let D denote the set of proper ideals of G extending
the trivial ideal {0}. The set D is partially ordered by set-theoretic inclusion, and it is
non-empty because {0} is in D. Let D be a totally-ordered subset of D. One proves
that UI],GD I; is an upper bound for D, and UIjeD I; € D. Then Zorn’s lemma implies
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that there exists a maximal element in D, in other words there exists a maximal ideal
in G. L]

Remark 3.1.3. In Lemma 3.1.2 the unital assumption is crucial. Indeed, there exist
non-unital ¢-groups which do not admit any maximal ideal (see [51, Example 27.8]).

Having defined the set Max GG, we shall equip it with a topology. The latter should be
defined in such a way that the topological space Max G is a compact Hausdorff space, and
each function g: Max G — R is continuous. Instead of giving this topology immediately,
we show how it arises, naturally, from the comparison with the ¢-group C(X,R).

Notation 3.1.4. In this chapter, X will always denote a compact Hausdorff space. More-
over, we write C(X) for the ¢-group C(X,R). Finally, by an ideal we understand an
l-ideal.

In order to study the (maximal) ideals of C(X), consider a subset K C X and define
I(K):={feC(X)| f(x)=0 forall z € K}.

Remark 3.1.5. Note that the operator I reverses inclusions. If K1 C K are subsets of
X and f € [(K3), then f(x) =0 for all z € K1 C K. This shows that f € I(K;), that

Proposition 3.1.6. If K C X is an arbitrary subset, then 1(K) is an ideal of C(X).

Proof. We must prove that I(K) is a convex subgroup and sublattice of C(X). If f, g €
I[(K), then —f € I(K) and f+g € [(K), therefore I(K) is a subgroup of C(X). It is also
a sublattice, since it is clearly closed under the operations A, V. Lastly, it is convex: if
f =g > h, where f,h € [(K), then for all x € K, 0 = f(x) > g(z) > h(x) = 0, whence
g € I(K). O

We can always assume without loss of generality that the subset K in the statement of
the preceding proposition is closed:

Lemma 3.1.7. Let K C X be an arbitrary subset. Then I(K) = I(K), where K is the
topological closure of K in X.

Proof. One of the two inclusions follows at once by Remark 3.1.5, upon observing that
K C K. On the other hand, if Jix = 0, the continuity of f implies f|F =0. O

The question arises, which are those closed subsets K C X for which I(K) is a maximal
ideal.
Lemma 3.1.8 (Gelfand-Kolmogorov). The ideal I(K) of C(X) is maximal if, and only

if, K is a one-point set.

Proof. This was first proved, regarding C(X) as a ring, in [31]. In the case of ¢-groups
the same arguments apply, mutatis mutandis. ]
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We have shown how to construct an ideal of C(X) starting from a (closed) subset of X.
The converse is also possible. If I C C(X) is an arbitrary subset, define

V(I):={ze X | f(x) =0 forall fel}.

The set V(I) is called the zero set, or vanishing locus, of I.

Remark 3.1.9. The operator V, as the operator I, reverses inclusions. If I; C Iy are
subsets of C(X) and = € X is such that f(z) = 0 for all f € Iy, then f(z) = 0 for all
f € I C I,. In other words, V(I3) C V(Iy).

Proposition 3.1.10. If I C C(X) is an arbitrary subset, then V(I) is a closed subset
of X.

Proof. Observe that V(I) = (¢, f71(0), where each f~1(0) is closed since it is the
continuous preimage of a closed set (every one-point space in a Tj-space is closed). An
arbitrary intersection of closed sets is closed, therefore V() is closed. Ul

In fact we can always assume without loss of generality that the subset I in the statement
of the foregoing proposition is an ideal:
Lemma 3.1.11. Let I C C(X) be an arbitrary subset. Then V(I) = V((I)), where (I)

is the ideal generated by I.

Proof. Since I C (I), one of the two inclusions follows at once from Remark 3.1.9. On
the other hand, if x € V(I) and

ge(I)={heC(X)|3IneN, 3f € I such that —n|f| <h < n|f|},

we have 0 = —n|f(z)| < g(z) < n|f(z)| =0, i.e. x € V((I)). O

Remark 3.1.12. Every closed subset of X is of the form V(I) for some ideal I C C(X).
Indeed, if S C X is an arbitrary subset, it is easy to see that V(I(S)) = S. In particular,
if K C X is a closed subset, then K = V(I(K)).

The next step consists in defining the concept of vanishing locus for an arbitrary ¢-group
G. Let us consider g € G and m € Max G. We agree to say that the element g vanishes
inm, if g(m) := hn(Z) = 0 € R. Observe that, since the /~-homomorphism by, is injective,
¢ vanishes in m if, and only if, g € m. Define

V(g) := {m € Max G | g(m) = 0}.
The vanishing locus of the subset S C G is

V(S) == [ V(9) = {m € Max G | §(m) =0 for all g€ S}.
ges
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Remark 3.1.13. We can write, equivalently,
V(g) = {m € MaxG | g € m},

and
V(S) ={m e MaxG | S C m}.

Again, we can suppose without loss of generality that S is an ideal of G:

Lemma 3.1.14. If S C G, then V(S) = V((5)).

Proof. If m € V((S)), then g(m) = 0 for all g € S C (S), so that m € V(S). In the
other direction, if m € V(S) and ¢ € (S), there exist n € N and g € S such that
—nlgl < ¢ ot
the latter is an ¢-ideal. However m is convex, therefore ¢’ € m, that is ¢/(m) = 0 if, and
only if, m € V((5)). O

< n|g|. Since g € S, we have g € m; consequently —n/|g|, n|g| € m because

This motivates the following

Definition 3.1.15. Let G be an f-group. A subset T' C Max G is closed if, and only if,
it is of the form V(I) for some ideal I C G.

Lemma 3.1.16. Let T denote the collection of all the ideals of the ¢-group G. The
family of closed sets {V(I)}1ez is a topology for Max G, called the spectral topology. A
basis of closed sets for the latter is given by {V(g)}geq-

Proof. See [13, Théoreme 10.1.4, Proposition 10.1.7]. O

In particular, for all positive elements g,h € G we have V(g A h) = V(g) N V(h) [13,
Lemme 10.1.1]. The set Max G, equipped with the spectral topology, is called the
mazximal spectrum of the ¢-group G.

Proposition 3.1.17. Let G be an £-group, and let Max G be its mazimal spectrum. The
following hold.

1. Max G is Hausdorff.

2. Max G s compact if, and only if, G is unital.

3. For all g € G, the function g: MaxG — R is continuous.
Proof. If G is the trivial group, there is nothing to prove. To check that the space
Max G is Hausdorff, let m,n € Max G be distinct points. Distinct maximal ideals are

incomparable, hence there are positive elements a, b € G such that a € m\nand b € n\m.
By Lemma 2.1.4 we have

(a—(anb)A(b—(aNb))=0.
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Note that a — (a A b) € m because 0 < a — (a Ab) < a, and similarly b — (a A b) € n.
Further, a Ab € m since 0 < a Ab < a, so that b — (a A b) ¢ m, for otherwise b =
(aAb)+ (b—(aAb)) €m. In an analogous way, one can see that a — (a A b) ¢ n. Upon
observing that

Via—(and)NV(b—(and)=V((a—(aAb)A(b—(aNb)))=V(0)=MaxG,

we see that MaxG \ V(a — (a A b)) and MaxG \ V(b — (a A b)) are disjoint open sets
separating the elements m,n € Max G. Item 2 is proved in [13, Proposition 10.1.6], while
item 3 in [13, Corollaire 13.2.6]. O

3.2 Yosida map

For an ¢-group G, we shall give precise conditions under which the Yosida map
Y: G — C(Max@G), g+ (g: MaxG — R)
is an injective and surjective /~-homomorphism.

It is elementary that Y is an /-homomorphism precisely because, for all m € Max G,
the quotient map ¢n: G — % is an /-homomorphism. For example, given f,g € G,
f+g=7+gif, and only if, for all m € Max G, L9 — L 4 9 if and only if, gn(f +9) =
G (f) + gm(g). Further, if G is unital, with distinguished strong order unit u € G, it
is clear that Y: (G,u) — (C(MaxG), Iyax@) is a unital {-homomorphism, since each
embedding by : (%, =) — (R,1) is unital. The following commutative diagram shows
that the Yosida map can be thought of as the diffusion of Holder’s embedding to the
whole ¢-group.

Q

Y C(Max G)

qr(m)

>
2
«— -

21Q

C(MaxG)
™ ORE

Note that, considering the quotient with respect to the ideal I(m) means looking at the

value of a function at the point m € Max G. Indeed % = % € % if, and only if],

i
m
f(m) € R. Tt suffices to consider the constant functions on Max G, to conclude that the
quotient of the ¢-group C(Max G) by the ideal I(m) is isomorphic to R.

f(m) = g(m). Hence the equivalence class £ is completely determined by the real value

The next result should be compared with Theorem 2.2.72.

Proposition 3.2.1. A unital (-group (G,u) is archimedean if, and only if, the Yosida
map Y: (G,u) = (C(Max G), Inmax @) s an injective £-homomorphism.

A few preliminary facts are needed, in order to prove the foregoing proposition.
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Definition 3.2.2. The radical ideal of an ¢-group G is defined as the intersection of all
its maximal ideals. In symbols,

Rad G := ﬂ Max G.

Lemma 3.2.3. Let (G,u) be a unital (-group. The following are equivalent.

1. G is archimedean.

2. The radical of G is trivial, i.e. Rad G = {0}.

Proof. This was first proved in [68, Theorem 1], for unital vector lattices (=unital lattice-
ordered real vector spaces). The proof for unital vector lattices can be adapted, by using
the unital Holder’s Theorem 2.1.57 in place of [68, Lemma 1]. O

Remark 3.2.4. We remark that the analogue of Lemma 3.2.3 does not hold if G is not
unital. A counterexample is provided in [68, §2].

Corollary 3.2.5. Let (G,u) be an archimedean unital ¢-group. Then, for all g € G,
g # 0 if, and only if, there exists m € Max G such that g(m) # 0.

Proof. If the unital £-group is trivial, there is nothing to prove. If it is not trivial, Lemma
3.2.3 entails [\ Max G = {0}. It follows at once that g # 0 if, and only if, there exists
m € Max G such that g ¢ m or, equivalently, such that g(m) # 0. O

Remark 3.2.6. In an archimedean unital ¢(-group (G, u), whenever we are given a non-
zero element g € G, we can find a maximal ideal m € Max G such that g(m) # 0. If the
unital ¢-group (G,u) is non-trivial and non-archimedean, there are non-zero elements
h € G such that h is the constant function of value 0 on the maximal spectrum of G.
These elements are precisely those h € G which satisfy 0 < n|h| < u for all n € N. They
can be equivalently described as those elements h € G for which there is g € G such
that 0 < nlh| < g for all n € N.

Proof of Proposition 3.2.1. If the ¢-homomorphism Y is injective, then (G,U) is iso-
morphic to the ¢-subgroup (Y(G),lmaxc) of C(MaxG). The f-group C(Max @) is
archimedean by Lemma 2.1.22; hence so is G = Y(G). On the other hand, assume
that G is an archimedean unital ¢-group, and consider distinct elements f,g € G. Then
f —g # 0, and by Corollary 3.2.5 there exists a maximal ideal m € Max G such that
)Eg(m) # 0. Upon recalling that the Yosida map is an /~-homomorphism, we have

~ ~

f—g(m) # 0 if, and only if, f(m) — g(m) # 0 if, and only if, f(m) # g(m). This shows

~

that f # . O

Example 3.2.7. Let us consider the unital ¢-group (Z,1). It is clearly archimedean,
hence the Yosida map provides an embedding Y: (Z,1) — (C(MaxZ), Iyaxz). As ob-
served in Example 2.1.48, the ¢-group Z is simple, so that MaxZ = {{0}}. In this situ-
ation, the Yosida map is essentially the inclusion (Z,1) < (R,1) = (C(MaxZ), Inaxz)-
The latter is not surjective; in particular, C(MaxZ) is a completion of Z, in a sense
which we shall now make precise.
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In the study of the family C(X) of continuous functions on the compact Hausdorff space
X, the uniform norm is often taken into consideration. Given f € C(X), the latter
norm is defined by

[flloc := sup | f(z)].
zeX

Regarding (C(X),1x) as a unital ¢-group, we can introduce another norm, in the fol-
lowing way:

1fllix =sup{L €Q|p,g €N, ¢#0 and |f|>2 1x}
=sup{L €Q|p,g €N, ¢#0 and q|f| > plx}.

It is elementary that, for all f € C(X), ||flloc = || f|l1x. This motivates the following

Definition 3.2.8. Let (G, u) be a unital ¢-group. For all g € G, the seminorm induced
by the unit u on G, is given by

lgllu :=inf{£ € Q|p,q €N, ¢#0 and q|g| < pu}
=sup{2 € Q[p,q €N, ¢#0 and qlg| > pu} € R.

It is easy to check that || - ||,: G — R is, in fact, a seminorm, i.e. it satisfies all axioms
for a norm except, possibly, the faithfulness condition: ||g|l, = 0 implies g = 0. The
next statement, which follows from the very definition of the seminorm induced by the

unit, tells us when this seminorm is, in fact, a norm.

Lemma 3.2.9. Let (G,u) be a unital £-group. Then
{9 € G|]g|l. =0} =RadG.

In particular, || - || is @ norm if, and only if, (G,u) is archimedean. O

Remark 3.2.10. Recall that C(X), with the metric induced by the uniform norm, or

equivalently by the norm || - is a Cauchy-complete metric space. Upon introducing

Hlxv
multiplication by real numbers, C(X) can be regarded as a Cauchy-complete metric

linear space.

Example 3.2.11. The norm induced by the unit on the unital ¢-group (Q,1) is the
usual absolute value. However, Q is not Cauchy-complete, and the Yosida embedding
(Q,1) = (C(Q), Imaxg) = (R, 1) is essentially the completion of Q with respect to the
norm.

Example 3.2.12. The norm induced by the unit on the unital ¢-group (Z, 1) is again
the absolute value. Now, Z is complete with respect to this norm, however it is not a
divisible group. Recall that

Definition 3.2.13. An abelian group G is divisible if, for all ¢ € G and for all m € N,
there exists h € G such that g = mh.

We remark that every ¢-group is torsion-free [34, Corollary 0.1.2]. It is standard that
every torsion-free abelian group G admits a canonical embedding into a divisible abelian
group, called the divisible hull of G.
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Remark 3.2.14. Consider an archimedean unital ¢-group (G, u), along with the norm
|| - || induced by the unit. One can check that the operations +, A,V are continuous
with respect to the topology induced by (the metric induced by) the norm. Therefore,
we can extend the operations above to the norm-completion of the ¢-group (G, u).

Example 3.2.15. With reference to Examples 3.2.11 and 3.2.12, the divisible hull of
(Z,1) is (Q,1), and the latter is not norm-complete. Its completion is (R, 1), which is
isomorphic to (C(X),1x), where X is an arbitrary one-point space.

We are now ready to characterise those archimedean unital £-groups for which the Yosida
map is surjective, hence an f-isomorphism.

Proposition 3.2.16. Let (G,u) be a non-trivial archimedean unital £-group. The fol-
lowing are equivalent.

1. The Yosida map Y: (G,u) = (C(Max G), Imax ) s a surjective £-homomorphism.

2. G is divisible, and complete in the norm || - ||, induced by the unit.

The proof of this result relies, in an essential way, on the following lattice-theoretic
version of the Stone-Weierstrass theorem. Recall that a set S of continuous real-valued
functions on a topological space X separates points of X if, for each pair of distinct
points x,y € X, there is f € S such that f(z) # f(y).

Theorem 3.2.17. Let S denote a subset of the family C(X) of continuous real-valued
functions on a compact Hausdorff space X . Suppose that S contains the function 1x, is
closed under the operations +, A,V and under multiplication by rational numbers, and
separates points of X. Then S is dense in C(X) with respect to the uniform norm.

Proof. See [6, Theorem 11.3]. O

Proof of Proposition 3.2.16. The map Y is an injective /~homomorphism by Proposition
3.2.1. Assuming that it is also surjective, we conclude that G is divisible and complete,
since it is ¢-isomorphic to the divisible complete ¢-group C(Max G). Conversely, suppose
that G is divisible, and complete with respect to the norm || - |,. We must prove that
Y(G) = C(Max G). The set Y(G) contains lyaxa = U, is closed under the operations
+,A,V, and it is closed under multiplication by rational constants since G is divisible.
Lastly, Y(G) separates points of Max G: if m,n are distinct points of Max G, then there
exists an element f € G such that f € m\ n. The function fseparates the two points,
because f(m) =0 # f(n). Theorem 3.2.17 entails that Y(G) is dense in C(Max G) with
respect to the uniform norm | - [[oc = || - |l1yue - BY hypothesis G is complete in the
norm || - ||, hence the ¢-group Y(G), which is isomorphic to G by Proposition 3.2.1, is
complete in the norm || - |z = || - [[1ypar - We conclude that Y(G) = C(Max G). O

Proposition 3.2.16, along with Proposition 3.2.1, provide a sharp characterisation of the
unital £-groups of continuous functions on some compact Hausdorff space. We shall state
it for future reference.
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Theorem 3.2.18 (Yosida’s representation theorem). A unital ¢-group (G, u) is repre-
sented by a compact Hausdorff space X, i.e. (G,u) = (C(X),1x), if, and only if, the
following hold.

1. G is archimedean.

2. G is divisible.

3. G is complete with respect to the norm || - ||, induced by the unit. O
Observe that, if a unital ¢-group (G, u) is represented by a compact Hausdorff space X,
then it is represented by its maximal spectrum Max G. Indeed, if (G, u) is represented by

X, then it is a complete, divisible, and archimedean unital ¢-group, since it is isomorphic
to (C(X),1x). Then Propositions 3.2.1 and 3.2.16 imply (G, u) = (C(Max G), ImaxG)-

3.3 The categorical duality

Recall that £Grp, denotes the category of unital ¢-groups and unital £-homomorphisms,
while KHaus denotes the category of compact Hausdorff spaces and continuous maps. In
this section we shall see that Yosida’s representation theorem induces a dual equivalence
between the categories KHaus and ¢Grp,. We begin by making explicit the functorial
correspondences introduced in the preceding section.

The following fact was observed in Example 2.1.58.

Lemma 3.3.1. If X is a compact Hausdorff space, then
C(X) == (C(X), 1x)
is a unital £-group. Ol

Lemma 3.3.2. If f: X — Y is a continuous function between compact Hausdorff spaces,
then

C(f) == —of: (C(Y),1y) = (C(X), 1x)

18 a unital £-homomorphism.

Proof. We check that — o f: (C(Y),1y) — (C(X),1x) is a group homomorphism and
a lattice homomorphism, and it preserves the strong order unit. If g,¢' € C(Y) and
z € X, then

((g+9) o f)x)=(g+9)(f(x) =g(f(x) +g'(f(x) = (go f)(x)+ (¢ o f)(z).

This shows that C(f) is a group homomorphism. To see that it is a lattice homomorphism
it suffices to observe that, for all x € X,

((gng)ofilx) =(gng)(f(2))
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In other words, C(f)(g A g") = C(f)(g) AC(f)(¢'). A similar argument shows that
C(f)lgVvg)=C(f)(g)VC(f)(g). Moreover, the £~-homomorphism C(f) is unital since,
forall z € X, (1y o f)(x) = 1y (f(x)) = 1. That is, C(f)(1ly) = 1x. O

It is immediate to verify that the correspondence X +— C(X) defines a functor.

Corollary 3.3.3. C: KHaus — ¢Grpy is a contravariant functor from the category of
compact Hausdorff spaces to the category of unital £-groups. O

The next result was proved in Proposition 3.1.17.

Lemma 3.3.4. If (G,u) is a unital £-group, then
M(G) :== Max G

is a compact Hausdorff space, with respect to the spectral topology. O

Lemma 3.3.5. If h: (G,u) — (H,v) is a unital -homomorphism, then
M(h) :=h"": Max H — Max G

1 a continuous function.

Proof. Clearly, if m C H is an ideal of H, i.e. a convex subgroup and sublattice, then
h~!(m) is a subgroup and sublattice of G. To see that h~!(m) is convex, let a,c € h~!(m)
and pick b € G such that a < b < ¢. The f~-homomorphism h is order-preserving by
Lemma 2.1.11.(1), hence h(a) < h(b) < h(c). The elements h(a),h(c) belong to the
convex set m, therefore h(b) € m. We conclude that h=1(m) is an ideal of G. Assume,
further, that m € Max H is a maximal ideal of H, and let x € G \ h~!(m). Since
h(z) ¢ m, by Lemma 2.1.55 there exists n € N such that h(u — nz) = v — nh(z) € m,
whence u—nz € h~!(m). Again by Lemma 2.1.55, we conclude that h~!(m) is a maximal
ideal of G. We now prove that the function A~' is continuous, i.e. that the preimage
of a closed subset of Max G, under the function h~!, is a closed subset of Max H. An

arbitrary closed subset of Max GG is of the form
V() ={m e MaxG | gem forall g€ I},
where I C (G is an ideal of G. Its preimage is

(R"HY™H V() = {n e Max H | h"}(n) € V(I)}
={ne€MaxH |gechn) foral gecI}
={neMaxH |h(g) en forall ge I}
= V(h(I)).



3.3. The categorical duality 66

Lemma 3.1.14 entails V(h(I)) = V((h(I))), so that the preimage of V(I) under the
function h~! is the closed subset V({h(I))) C Max H. O

Again, the correspondence G — M(G) defines a functor:

Corollary 3.3.6. M: ¢Grp, — KHaus is a contravariant functor from the category of
unital £-groups to the category of compact Hausdorff spaces. O

In view of Theorem 3.2.18, we are interested in the full subcategory of ¢Grp, whose
objects are the complete, divisible, and archimedean unital ¢-groups. Denote this sub-
category by YAlg; for the sake of brevity, we refer to its objects as Yosida algebras.
Henceforth, we consider the restrictions of the above functors to the category YAlg, that
is M: YAlg — KHaus, and C: KHaus — YAlg. The next two results state that they are

quasi-inverse functors.

Proposition 3.3.7. There exists a natural isomorphism
p: IdkHaus — Mo C,

where IdkHaus @5 the identity functor on the category KHaus.

Proof. The first step consists in showing that a compact Hausdorff space X is homeomor-
phic to the maximal spectrum Max C(X). Note that every maximal ideal m € Max C(X)
is of the form I(S) for some closed subset S C X. Specifically, S = V(m), indeed

I(V(m))=1I({zx € X | f(x) =0 for all f€m})
={feC(X)| f(x) =0 for all x € X such that f(z)=0 for all f € m} D m.

However, I(V(m)) # C(X), so that m = I[(V(m)) by the maximality of m. Lemma 3.1.8
states that the ideal I(S) is maximal if, and only if, S = {p} for some p € X. Therefore
there is a surjective map px: X — Max C(X) defined by

px:pI({p}) = {f € C(X) | f(p) = 0}

The map pyx is injective by Urysohn’s lemma [28, Theorem 1.5.11] (recall that every
compact Hausdorff space is normal [28, Theorem 3.1.9], hence Urysohn’s lemma applies).
In fact, it turns out that the bijection pux is a homeomorphism. In order to prove the
continuity, pick a closed subset V(I) € MaxC(X), where I C C(X) is an ideal. We
show that its preimage under ux is a closed subset of X.

px (V(I)) = py' ({m € MaxC(X) | f(m) =0 for all f € I})
={pe X[ f(I({p})) =0 forall fel}
={peX|fel{p}) foral fel}
={peX|f(p)=0 forall fel}
= /70

fel
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Each zero set f~1(0) is closed, being the preimage of a point in a Tj-space under a
continuous function. An arbitrary intersection of closed sets is closed, hence ux: X —
Max C(X) is continuous. To check that its inverse 3" is continuous, we will prove that,
for any closed subset K C X, ux(K) is closed in Max C(X). The set K is compact,
because it is a closed subset of the compact space X. The continuous image of a compact
set is compact, therefore px (K) is a compact subset of the Hausdorff space Max C(X),
ie. pux(K) is closed. Define a natural transformation p: IdkHaus — M o C in the
following way: for each compact Hausdorff space X, the component (u)x of p at X
is the morphism (u)x := px. We have just proved that every such component is an
isomorphism in KHaus, hence it suffices to show that p is a natural transformation. Let
f: X — Y be a continuous function between compact Hausdorff spaces: we must prove
that the following diagram commutes.

X —5 5 MaxC(X)
! (MoO)(f)

Y ———— MaxC(Y)
Y

We remark that, given a maximal ideal m € Max C(X),

(MoC)(f)(m) = (=0 f)"'(m)={heC(Y)[hofem}

We conclude that, for all p € X,

)

fel{r})
Hp)=0
) =0}

)
={heCY)]|ho
={heCY)|(ho
={heCY)|h(f
=I1{f(»})

= (uy o f)(p).

}

—

(Mo C)(f) o px(p) = (Mo C)(f)I({p})
|
|
|

(f(p

Proposition 3.3.8. There exists a natural isomorphism
v: IdYA|g —Co M,

where Idyaig is the identity functor on the category YAlg.

Proof. Let (G, u) be a Yosida algebra. Upon denoting by
Ycu: (Gyu) = (C(Max G), Imaxc)

the Yosida map, we know by Propositions 3.2.1 and 3.2.16 that Y g ,) is a bijective unital
¢-homomorphism. Define a natural transformation v: Idyag — C o M whose component
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at (G,u) is the isomorphism (V). = Y(gu) in the category YAlg. To prove the
statement, it suffices to show that v is a natural transformation, i.e. that given a unital
¢-homomorphism h: (G,u) — (H,v), the following diagram is commutative.

Y

(G,u) (C(Max G), Inax )

h (CoM)(h)

(H,v) ———— (C(Max H), Intax 17)
(H,v)

For all g € G, we have

(Y(rw) o R)(9) = Y (h(g) = Y () (h(g)) = h(g),

and

(CoM)(h) oY (Gu)(9) = (CoM)(h)(Y(Gu(9) = (CoM)(h)(G) =goh™

— —

However, h(g) = go h~! if, and only if, for all m € Max H, the condition h(g)(m) =
g o h™!(m) is satisfied. In turn, this happens if, and only if,

o (%2) =510 (1)

where bm, h,—1(m) are the unique unital f-embeddings

. H . G
hm. E—>R, bh—l(m). hT(m)%R
provided by the unital Holder’s Theorem 2.1.57. On the other hand, the ~-homomorphism
h: (G,u) — (H,v) induces an ¢~-homomorphism h*li(m) — %, which we denote again by

h. The latter homomorphism is injective: if g € h*li(m) is such that h(g) =0 € %, then

h(g) €m,ie. g€ h™'(m). Thus g =0 ¢ h*li(m) We have a diagram

It is elementary that the composition by, o b is an injective unital £-homomorphism from
h—li(m) to R. By Theorem 2.1.57 there is only one such embedding, whence bhj-1(y) =

bm © h. To complete the proof, observe that

Bh—1(m) (h,%(m)) = (hmoh) (h*iq(m)) = bm (¥> '
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We have just proved the existence of a duality between compact Hausdorff spaces and
Yosida algebras, i.e. complete, divisible, and archimedean unital ¢-groups.

Theorem 3.3.9 (Yosida duality). The category KHaus of compact Hausdorff spaces is
dually equivalent to the category YAlg of Yosida algebras via the functors C and M. [



Chapter 4

o-algebras

4.1 Summary of MV-algebraic results

We recall here those results about MV-algebras that will be used in the present chapter.
Lemma 4.1.1. Let A be an MV-algebra and let x,y € A. The following conditions are
equivalent.

1. ~xdy=1.

2. 20 y=0,te z0y=0.

3 y=xd(youz).

4. There exists z € A such that © @ z = y.
Upon defining, for all x,y € A, v <y if x,y satisfy the equivalent conditions above, the
partially ordered set (A, <) is a lattice.

Proof. See Lemma 2.2.7 and Remark 2.2.10. O

Lemma 4.1.2. If A is an MV-algebra and z,y € A, then the following hold.

1. © <y if, and only if, ~y < .
2. Ifr <y then, forallze A, P z<y®zandx®z<yQ® 2.

3. For all x,y € A and for alln € N, if x <y then nx < ny.

Proof. For items 1 and 2 please see Lemma 2.2.9. Item 3 is an elementary consequence
of item 2. O

70
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Recall that the Chang distance on an MV-algebra A is the function d: A x A — A
defined by
d(z,y) = (zoy)® o).

Lemma 4.1.3. If A is an MV-algebra, and x,y € A, the following hold.

1. d(x,y) =0 if, and only if, x = y.

2. Ifx <y, theny =z @d(x,y).

3. Forall x,y,z € A, if v <y < z then d(z,2) > d(y, z).

4. For every MV-homomorphism h: A — B, h(d(x,y)) = d(h(z), h(y)).
Proof. For item 1 see Proposition 2.2.28. Item 2 is a direct consequence of Axiom MV6.
Items 3 and 4 are straightforward verifications. O

Lemma 4.1.4. The following identities hold in any MV-algebra A, for all x,y,z € A.

.zoy®(x0y) =zdy.

2. zoy) @ ((z®-y) Oy) ==z

3. 20(ydz)=(xoy)o-=z.
Proof. Ttems 1 and 2 follow by Proposition 2.2.14 and Chang’s subdirect representation
Theorem 2.2.41. Item 3 is an easy computation. 0

Lemma 4.1.5. For arbitrary elements x,y, z in an MV-algebra A,
ifx®z=y®z and xt©z2=0=y Oz, then x =1y.

In particular, ify=x @y and x ®y =0, then x = 0.
Proof. This is Lemma 2.2.6. O

Recall that a subset I of an MV-algebra A is an ideal of A, provided that it is non-empty,
downward-closed, and closed under finite ®-sums. Those proper ideals of A which are
are not strictly contained in any proper ideal are called mazimal. The family of all the
maximal ideals of A is denoted by Max A. The radical ideal of A is the intersection of
all the maximal ideals in A, in symbols Rad A := (| Max A. A non-zero element = € A
is infinitesimal if it satisfies nz < —x for all n € N.

Proposition 4.1.6. For every MV-algebra A,

RadA ={z € A|nzx < —x for all n € N}.

Proof. See Proposition 2.2.52. O
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Lemma 4.1.7. If A is an MV-algebra and xz,y € Rad A, then x ® y = 0.

Proof. See Lemma 2.2.53. O
Lemma 4.1.8. Given an arbitrary MV-homomorphism h: A — B, if m € Max B then
h~1(m) € Max A.

Proof. See Lemma 2.2.25. O

The set Max A of all the maximal ideals of the MV-algebra A can be equipped with the
Stone-Zariski topology, as described at the end of Section 2.2. A basis of closed sets for
this topology is given by the sets of the form

F,:={meMaxA|aecm},

for a € A. The topological space Max A is called the mazimal spectrum of A.

Proposition 4.1.9. If A is an MV-algebra, then Max A is a compact Hausdorff space.
Proof. This is Lemma 2.2.71. ]
Recall that an MV-algebra A is semisimple if Rad A = {0}, i.e. A has no infinitesimal

elements. Semisimple MV-algebras can be characterised in the following way.

Proposition 4.1.10. Let A be an MV-algebra. Then A is semisimple if, and only if,
it is isomorphic to a separating subalgebra of C(X,[0,1]) for some compact Hausdorff

space X . In this case, the space X is homeomorphic to the maximal spectrum Max A of
the MV-algebra A.

Proof. See Propositions 2.2.69 and 2.2.73. O

Finally, we recall Mundici’s equivalence:
Theorem 4.1.11. The functor I': £Grp, — MV is an equivalence between the category
of unital £-groups and the category of MV-algebras.

Proof. See Theorem 2.3.29. 0

4.2 Definition and basic results

The language of d-algebras is obtained from the language of MV-algebras by adding an
infinitary function symbol. Specifically, let LA := {d,®, =,0} be a language formed by
a function symbol § of arity Ry, a binary function symbol @, a unary function symbol
— and a constant 0.
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Notation 4.2.1. The infinitary function symbol § takes as argument a countable se-
quence of terms. We write Z, 7, f and 0 as a shorthand for z1, 2o, T3, - - ., Y1,Y2, Y3, - - -»
fi, f2, f3,...and 0,0,0,.. ., respectively.

For the sake of simplicity, define a unary operation fi by setting
2

-,

f%(x) = 0(z,0).
Definition 4.2.2. A §-algebra is an algebra (A, d,®,—,0) such that (A,®,—,0) is an
MV-algebra, and the following identities are satisfied.
Al d(é(f),é(x1,5)> = 5(0,x9, 73,...).
A2 f1(0(Z)) = o(f1(x1), fL(w2), fL(@3),. ).
A3 §(v,x,2,...) =1.
A4 6(0,7) = f%(6(f))
A5 §(x1 D1, 20 D ty,x3Dts,...) = d(x1, 22, 23,...).
A6 fi(zoy) = fi(z)o fi(y).

Remark 4.2.3. Since every MV-algebra is equipped with a natural lattice order (see
Lemma 4.1.1), Axiom A5 can be clearly written in an equational form.

Starting from the operation fi, we can define a unary operation fi for each positive
2 2n
integer n € N.

fa@) = filo (fy@) )
times

With respect to these derived operations, an identity analogous to Axiom A2 holds.

Lemma 4.2.4. Let A be d-algebra, and let {x;};eny € A. Then, for all n € N,

fa (0(2) = 6(f 1 (21), fa (22), fa (23),...).

2m 2n 2n 2n

Proof. By induction on n € N. If n = 1, the statement is precisely Axiom A2, hence we
suppose n > 1.

2n ( 2n-1
= f%(é(fy}_l (1), fznl_1 (z2), f2n1_1 (z3),...)) (inductive hypothesis)
= 6(f1(f i (@0))s FL(f i (22)), f1(f_ L (23)),...) (A2)
=0(f 1 (21), f1 (x2), f 1 (23),...)
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Lemma 4.2.5. If A is a §-algebra and x € A, then

n—1 times

Proof. We argue by induction on n € N. If n = 1, the statement coincides with the
definition of fi. If n > 1, then
2

fa (@)= fi(f o (2))
= f1(6(0,...,0,z,0)) (inductive hypothesis)

2 N —

n—2times
=4(0,...,0,z,0). A4
( ) (A4)

n—1times

O

Lemma 4.2.6. In a §-algebra A, for every {z;}ien C A,

n times

Proof. For n = 1, the statement holds by Axiom A4. Hence, we suppose n > 1. Then

we have
6(0,...,0,%) = f1(6(0,...,0,7 A4
( ) = f1(5( 7)) (A4)
n times n—1 times
= f% <f2n1_1 (5(53'))) (inductive hypothesis)
= [3.(6(@)).

Lemma 4.2.7. Let A be a §-algebra. For all {z;};en C A, and for alln € N,

-,

(5(:5") = 5($1,$2, ey Xy, O).

Moreover, §() = 6(x1,0) @ 6(0, zo, x3, . ..).

Proof. The first part of the statement follows at once by Axiom A5, upon defining
t1:=0,...,t,:=0, and ¢; := x; for all i > n. Indeed, for any {z;};cn C A, we have

(210 0,22D0,...,2,D0,0D Tp11,0D xpy2,...)
(xlnya i .,l’n,O). (A5)

(5(%1,.732,333, . ) =

In order to prove the second part, observe that (%) > &(z1,0) by the argument above.
Consequently,

8(Z) = 6(x1,0) @ d(6(F), 6(x1,0)) (Lemma 4.1.3.(2))
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= 6(z1,0) ® 6(0, 2, 3,...). (A1)

Proposition 4.2.8. The following identities hold in an arbitrary 0-algebra.

-,

1. @, 500,...,2:,0) = 8(z1, 2, ..., 2, 0).
2. 8(Z) = 0(x1, 2, ..., 20,0) ®6(0,0,..., Tni1, Tnia,...).
3. 0(2,9, 9,9, -) = f1(2) @ f1(y).

4. 8(x1, 9, ..., 2y, 0) = B, f(@i).

5. jg(@@f%(x) =z.

6. d(8(2),6(x1,. .. ,xn,0)> = 5(0,.. ., Tnsts Tngas .- ).

Proof.

1. The equation holds trivially for n = 1, and it is true if n = 2, by Lemma 4.2.7.
Assuming that n > 2 we show that, for all k =1,...,n — 2,

@ 5(0 ,2:,0 = 4(0, ,xn,k,xn,kﬂ,...,xn,ﬁ). (4.1)
i=n—k
If Kk =1, then
P 600,...,2:,0)=6(0,...,20-1,0) B 5(0,...,z,0)
i=n—1
=f1 (6(xp-1,0)) ® f 1 (6(0,2,,0))  (Lemma 4.2.6)
2n— 2n—
=0(f_1 (20-1),0)©6(0, f_1_(2),0)  (Lemma 4.2.4)
on—
=0(f , (Tn-1), [, (1), 0) (Lemma 4.2.7)
27"47 2”7
=/ (6(xn—1,2n,0)) (Lemma 4.2.4)
2n
=6(0,...,Zp_1,2n,0). (Lemma 4.2.6)

Now suppose (4.1) is true for 1 < k < n — 1. We prove that it is true for k + 1.

@ 5(0,...,mi,6):5(0  Tn—t—1,0 @ 5(0 ,2:,0
i=n—(k+1) i=n—k

=06(0,..., Zpn_p_1,0) D0, ..., Zn k.., Tn,0)
(inductive hypothesis)
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=f_ 1 (0(xp_p_1,0)) L (6(0, Zp_ps ..., 0))
on—k—2 —k—2
(Lemma 4.2.6)
= 5(f2n71k72 (2n—x—1),0) ® 8(0, 1 (Tp—k)s e s f2n71k72 (), 0)
(Lemma 4.2.4)
= 5(f2n—lk—2 (xn—k’—l)a an—lk—Q (xn—k)v v 7f — (xn)a 6)
(Lemma 4.2.7)
=f 1 (6(Zp—k—1,Tn—ps- -, T, 0)) (Lemma 4.2.4)
on—Fk—
=600, .., Tpfoe1, Trfsy - - -, T, 0). (Lemma 4.2.6)

In particular, for £k = n — 2, we have

n

& so,...,

=n—(n—2)

Therefore

@5 ,3,0) = (21,0 @@5

= 5(%1, ) @5(0,1‘2,333,. R

=,

= 5(.%'1,.%2, v ,mn,O).

xl,ﬁ) = (5(0,332,333, oo

-,

71:7170)'

1’1,

Ty, 0)
(Lemma 4.2.7)

2. We proceed by induction on n € N. For n = 1 the identity holds by Lemma 4.2.7,

hence let n > 1.

(Proposition 4.2.8.(1))

(Proposition 4.2.8.(1), Lemma 4.2.6)

i @ng1) fon (Zng2),--0)

(Lemma 4.2.4
(Lemma 4.2.7

(Lemma 4.2.6

o(x,... ,xn,ﬁ) D00,..., Tpy1, Tng2,...) =
=@ s(0,...,2:,0) ©6(0,..., Tnt1, Tt - )
i=1
n—1
=s0,...,2:,0) ®6(0,...,2,,0) D0, ..., Tn11, Tnta, . ..)
i=1
=0(x1, .,mn_l,ﬁ)@fw%(é(xm(_))))@fw%(é((),xnﬂ,xmrg,...))
=0(x1,-. 201, 0) ®8(f__(2n),0) ® (0, f
:5(1‘17 -y Tn—1, 6) S 5(f2n%1 (mn)a f2nl_1 (‘/EnJrl)? f2nl>1 (l‘ﬂ+2)7 o )
:5(1:17 -7$n7176) @fzn%(é(wn7xn+la$n+27"'))
:5(%’1, -a-rnfb(_)’) @5(07 -7$n7xn+1amn+2a---)
=4(Z).

3. This is easily proved in the following way.

8(2,9,9,9,...) = 8(2,0) ® (0,9, 9,9, ...)

)
)
(Lemma 4.2.4)
)
)

(inductive hypothesis

(Proposition 4.2.8.(2))
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= /i@ e () (A3)

4. The equation holds, since
0(x1,xa, ... T, 0 EB 5(0 ,2:,0 (Proposition 4.2.8.(1))
= @fi (). (Lemma 4.2.5)

T

5. By an easy computation,
f% () ® f% (x) =0(z,z,2,...) (Proposition 4.2.8.(3))
= . (A3)

6. Arguing by induction on n € N, the statement is true for n = 1 by Axiom Al.
Assuming n > 1,

d(é(f),é(ml,...,xn,ﬁ)> — §(2) © 6(z1, ..., 2, 0)

(Lemma 4.2.7, Lemma 4.1.1)
—5(7) ( (21, .., 2n1,0) ® 8(0,. .., 2n, 6)) (Proposition 4.2.8.(2))
— (52 xl,...,xn,l,ﬁ))@5(0,...,.%,6) (Lemma 4.1.4.(3))
:5(0, Ty Tnts---) ©6(0,. .., x,,0) (inductive hypothesis)
=f i (6(:):mxn+1, D) e f_ (6(zn,0) (Lemma 4.2.6)
=5(f_v, (@), f_t, (@n41),- ) ©6(f_v_(2a),0) (Lemma 4.2.4)
—d (5( Foa (on) f oo (ongn)se ), 0(f o (xn),6)> (Lemma 4.2.7, Lemma 4.1.1)
=00, f_t (Znt1): [t (Tnt2)s--.) (A1)
=f 1 (50, 2ns1, 7ny2, ) (Lemma 4.2.4)
=5(0,. .., Tnts Tnsas .- ). (Lemma 4.2.6)

7. Recall that 1 := =0. In any MV-algebra we have

loz=-(-1®z) = (4.2)

It follows
~h() =10 f,(1) (12)
=6(1,1,1,...) & 6(1,0) (A3)

=d (5(1, 1,1,...),8(1, )) (Lemma 4.2.7, Lemma 4.1.1)
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—5(0,1,1,1,...) (A1)
= 11,1, (A4)
= f1(1). (A3)

8. For n =1 this is Axiom AG6. If n > 1,

frloy) =fi(f L (z6y)
= f% (fw{1 () o f2n1_1 (y)) (inductive hypothesis)
=[i(f (@) fi(f 1 () (A6)
=fr@of1(y)

O
Lemma 4.2.9. Let A be a §-algebra, and let x,y € A. Then f% () <z, and
v <y if, and only if, f1(z) < fi(y)-
Finally, x = 0 if, and only if, f% (x) =0.
Proof. Notice that
f%(x) = (5(96,6) <O(z,x,x,...) = (A3, A5)

Next, we prove that f 1 (z) = 0 if, and only if, z = 0. One of the two implications follows
at once by A3. To prove the other one observe that, if f1(z) = 0, then
2

by Proposition 4.2.8.(5). Now suppose z < y. Axiom A5 entails

Conversely, assuming f% (x) < fi1(y), by Proposition 4.2.8.(5) and Lemma 4.1.2.(3) we

1
2
have

z=f1(x)& fi(x) <f1(y) & f1(y) =y

1
2

O]

Remark 4.2.10. It is easy to see that, if x < y, then f%n (z) < f%n (y) for all n € N.
This was proved in Lemma 4.2.9 for n = 1. If n > 1, by using the inductive hypothesis
fi(x) < f_1 (y), we find

2n—1 2n—1

1 (y)) (Lemma 4.2.9)
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Reasoning by induction on n € N, it is also clear that f ( ) < « for all n € N. This
is true for n = 1, by Lemma 4.2.9. If n > 1, by the induction hypothesis f 1 ( ) <z,
along with Lemma 4.2.9,

fa(@)=fi(f o (@) <[ o (z)<w

2n 2 2n-1 2" 1

Lemma 4.2.11. Let A be a d-algebra, let x € A and let m,n € N be such that m < n.
Then

fr@e-efy(@)=f 1 ()

oan—m

2™ times

Proof. Let us fix an arbitrary positive integer n € N. We shall proceed by induction on
m=1,....n—1. If m =1, then

fr@) @ fa(z)=fi(f 1 ()@ fi(f 1 (z))

27L 1 2 2TL— 1
=f 1

(). (Proposition 4.2.8.(5))

1
b

2TL1

Now, if 1 < m < n, we see that

fr@ @@l @) =1 @@ 8 f @)oo f, @)

on

2™ times 2m—1times 2m—1 times

=f ()®f_1  (x) (inductive hypothesis)
on— m+1 on—m+1

=f(f 1 (@) ® fi(f_1_(2))

on—m 2 2 m

=f_1 (x). (Proposition 4.2.8.(5))

27L777L
]

Corollary 4.2.12. If A is a d-algebra then, for all x € A and for alln € N,

fr@ @@ fy(x) =

an

2™ times

Proof. The case n = 1 is proved in Proposition 4.2.8.(5). Hence, assuming n > 1, we
have

fp@ e @l @=()@e6f)@)el), e af,w)

~~ ~~

2™ times 2n—1 times 2n—1 times
=f () f 1 (x) (Lemma 4.2.11)
P =y (=)
- h@e @)
=z (Proposition 4.2.8.(5))

O]
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4.3 Every /-algebra is semisimple

Given a d-algebra (A,d,®,—,0), we can consider the maximal spectrum of its MV-
algebraic reduct (A, ®,—,0). We continue to denote it by Max A. By the radical of a
d-algebra we understand the radical Rad A of its underlying MV-algebra. A J-algebra is
semisimple if its radical is trivial, i.e. Rad A = {0}. In this section we prove that every
d-algebra is semisimple, in other words every J-algebra has a semisimple MV-algebraic
reduct.

Lemma 4.3.1. If A is a d-algebra, and x € A satisfies v < f%n(l) for all n € N, then
x € Rad A.

Proof. Notice that
:cgf%(l) & x@f%(l):() & x®—|f%(1) =0,
so that, by Proposition 4.2.8.(7),
4 JO) f%(l) =0. (4.3)

Let us fix an arbitrary n € N. Then z < f - (1) entails
2”

nr < anl+1 e f2n1+1 (1) (Lemma 4.1.2.(3))
ntimes
SfaMe--ef L (1)
27 times
= f%(l). (Lemma 4.2.11)

By (4.3) and Lemma 4.1.2.(2) we have
rOnr <z fi(u) =0,
2

therefore
rOnr=0<% nro =0 nr <.
Then Proposition 4.1.6 implies € Rad A. O

Lemma 4.3.2. If A is a §-algebra and x € Rad A then, for all n € N,

fi(2"x) =

L
2”

Proof. The proof goes by induction on n € N. In order to prove the case n = 1, note
that

filzox)=f
=f

(m(mz & 7))

1
2

(le(zouwx))

(ST
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= 1) fi (o) (A6)
= 1) & (f1(-2) © f1 () (A6)
=fihe(fi(1ez)o fi(z))
= e (f) e fi@) e fi@) (A6)
=118 (- f1(1) & f1(2)) & f1(2))
=i o~((=f1(1) @ fi1(z)) @ f1(z))
= 1O A1) 8 fi(@) & f1()
= ()& fi@) @ @) e i ()
= (f%(l) @ fi(z)® f% (x))© f%(l) (Proposition 4.2.8.(7))
=(z® f%(l)) S f%(l) (Proposition 4.2.8.(5))

We have just showed that

i) =@ f1)e f,(). (14)

However, by Lemma 4.1.4.(2), we know that

(@efi)e fi]e(@e fi()e-f11) o fi)] =26 fi (1)
if, and only if|
(@ i) e LMo o)) o 0] =e fi(1).
In turn, this is equivalent to
(@e (1) e f(]& f1(1) =26 (1), (45)
We shall see that the hypotheses of Lemma 4.1.5 are satisfied, that is
(@e f1() e fh] o fi(1)=0, (46)
and
O f%(l) =0. (4.7)

A straightforward calculation proves that (4.6) holds:

(e fi(0)e fW]© f1(1) = ~[~@e (1) & f(D]© f(1)
= [ f1(1) @ fi(1) @ f1 (1)
= -[@e f) o]
=1

=0.
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Concerning equation (4.7) we observe that, by Lemma 4.1.4.(1),
zefi)e(zo f1(1) =z f1(1).
Hence, by Lemma 4.1.5, it suffices to show that
(a:@j%(l))@(a:@f%(l)) =0. (4.8)

We have
(z@f1(1) O (xo f1(1)) =0

if, and only if,
e fi(1) e (Ce@-fi(1) =0

if, and only if,
(2@ f;(0)@ (~z e fi(1) = 1.

By Lemma 4.1.1 and Proposition 4.2.8.(7), this is equivalent to

@ f1(1) -z @ fi(1).

However, the latter inequality follows by Lemma 4.1.2.(2) upon observing that, if x €

Rad A, then x < —z. Hence (4.8) is proved, and applying Lemma 4.1.5 to (4.5) we see

that
@e fL) e /1) = .
Finally, by (44) we have
f% (x ®x) =uz.

Now, for every positive integer n, we conclude that

(f 1 (2"7'(22)))

om-1

(22)

[ (2%) = f
=/

= X.

|~

3|
N[

2

[N

(4.9)

(inductive hypothesis)
(4.9)

O

Remark 4.3.3. It is easy to show that the converse of Lemma 4.3.1 holds. Indeed,
suppose that A is a d-algebra, and let x € Rad A. Then, for all n € N, we have

mr < —x <1,
so that, by Remark 4.2.10 and Lemma 4.3.2,

w= [ (2") < fa (D).

2n 2n

In other terms, the radical of a d-algebra can be characterised as follows.

RadA={ze€Alxz< f1(1) forallne N}

57
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The next result is fundamental in proving that the radical ideal of a J-algebra is trivial,
i.e. that the only element = € A satisfying x < f ( ), for alln € N, is x = 0.

Proposition 4.3.4. In any d-algebra A,

if {xi}ien C Rad A, then 6(Z) € Rad A.

Proof. By Lemma 4.3.1, it is sufficient to prove that, for all n € N, (%) < f1 (1). Fix
2’!’1,
an arbitrary positive integer n € N, and set m :=n 4 1. Then Lemma 4.2.9 entails

(f1 (1) < [ (D),

1
om PRI 27

hence

by Lemma 4.1.1. Now,

d(f 1 (D), fa ()= MefoM)e(fid)ef 1)

S —f;(l)SfQ}n(l)
= f%n(l S) f%(l)) (Proposition 4.2.8.(8))
= £y ()
= f%n (f%(l)) (Proposition 4.2.8.(7))
= [ ()
Therefore, by Lemma 4.1.3.(2)
fr ) =Fa W)@ fa (1) (4.10)
We claim that
6(x1, 29, .., Tm, 0) < (1) (4.11)

Indeed, we have

(5(33‘1,332,...,1‘7”,0) _5(f T ( xl)?fL(2mx2)7)fL(2mxm)76) (Lemma 432)

i om om

1 (62", 2M e, 2", 0)) (Lemma 4.2.4)

,_.

f 1 (1). (Remark 4.2.10)

The proposition is then proved by the following computation.

8(Z) = 0(z1, 22, .., Ty 0) ®S(0, ..., 0, Ty 1, T, -..)  (Proposition 4.2.8.(2))
=6(x1,22,. .., Tm,0) B f o O(@mr, T, . )) (Lemma 4.2.6)
<Fr(@fa(6(1,1,1,...) ((4.11), A5, Lemma 4.1.2.(2))
=fa M fi(1) (A3)

= fa (1) (4.10)
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We can finally prove the main result of this section.

Theorem 4.3.5. Every d-algebra is semisimple.

Proof. Pick an arbitrary element x € Rad A. Recall that Rad A is an ideal of the
underlying MV-algebra of A. In particular, it is closed with respect to @-sums, so that
nx € Rad A for all n € N. Consider the countable sequence

t:={2'z};eny C Rad A.

Then §(t) € Rad A by Proposition 4.3.4, and

5(1) = 6(2x,0) @ 6(0, 2%z, 232, 2%z, . . ) (Proposition 4.2.8.(2))
= £,22)© f,(002%. 2%, 2'%...)) (A1)
=1 ® f1(8(2(22),2(2%), 2(23 )s--)) (Lemma 4.3.2)
=z ®0(f1(2(2 )) 1(2(2%)), f1(2(2°2)), ..) (A2)
=z ®0(2z,2% o) (Lemma 4.3.2)
=x@5(t).

We have just proved that
S =z @ (). (4.12)

Since z,6(t) € Rad A, Lemma 4.1.7 implies = ® §(t) = 0. Applying Lemma 4.1.5 to
equation (4.12), we conclude that z = 0, i.e. Rad A = {0}. O

Corollary 4.3.6. FEvery d-algebra is isomorphic, as an MV-algebra, to a separating
subalgebra of C(X,[0,1]) for some compact Hausdorff space X .

Proof. This follows at once from Theorem 4.3.5 and Proposition 4.1.10. O

4.4 'The representation theorem

Proposition 4.4.1. Let A be a §-algebra, and let {x;}ien € A. If ey @iy fo (1)
27/

exists in A, then

)=\ D).

neN =1

Proof. By Proposition 4.2.8.(1),(4) we know that, for all n € N,

8(%) = 6(x1, 2, , 20, 0 @fﬂ ;).
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Hence, by definition of least upper bound,
o(%) = x;).
( ) TL\G/N @-—1 fz%( )

Upon defining the element

Lemma 4.1.3.(2) implies
0@ =\/ @f% (z:) D t. (4.13)
neN i=1
We prove that ¢ is an infinitesimal element. Clearly, we have
5 T, 0) = : : 7).
(xlaan 7xn70) @f%(xl) < \/ @f%(l‘z) gé(w)
=1 neN =1
Then Lemma 4.1.3.(3) entails, for all n € N,
d(s e, 0),0(2)) = d 1 (2),8(2) | .
0.0 >V D1 00,59

The latter holds if, and only if, by Proposition 4.2.8.(6),
6(0, e ,O,l’n+1, Tn+2y - - ) 2 t.
Applying Lemma 4.2.6 and Remark 4.2.10 we see that, for all n € N,

t g f 1 (5(xn+1733n+2, .. )) < fL(l))

an omn

hence t € Rad A by Lemma 4.3.1. Since A is semisimple by Theorem 4.3.5, we must
have ¢t = 0. Therefore (4.13) states that

50 =\ @ 0.
neN i=1

O]

Lemma 4.4.2. Let A be a §-algebra, identified with a suitable subalgebra of C(X,[0,1]),
for some compact Hausdorff space X (cf. Corollary 4.3.6). Then, for all n € N, the
operation f1 is the pointwise multiplication by the rational number 2%

277.

Proof. By Proposition 4.2.8.(5) we know that, for all g € A and for all z € X,

F1(0)(@) © f1(9) () = g(a). (4.14)
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Further, Proposition 4.2.8.(7) implies
F1 (L) (@) = = (1x)(@) = 1 - f3 (1)),
where 1x is the constant function of value 1 on X. Hence, fi1(lx) is the constant
2

function of value % on X. Then, by Lemma 4.2.9,

F1(@)(@) < f1(1x)() = .

so that
110)() ® £3(9)(2) = 1(9)(@) + f1(9) (@)

2

in the standard MV-algebra [0, 1], because

f1(9)(@) © f1(g)(z) = min (1, f1(9)(2) + f1(9)(2)) = [1(g)(x) + f1(g)(x).

2

Then (4.14) states that
filg)(@) + f1(g)(x) = g(z),

which is equivalent to

filg)(a) = 42, (4.15)

2

In other words, f1 is the pointwise multiplication by % If we assume n > 1,
2

(5L7) (@) (inductive hypothesis)

=2 (4.15)

O]

Notation 4.4.3. Henceforth, Lemma 4.4.2 allows us to write \/ .y @i, % in place of

Vonen Dizy fu (94)-

The following result tells us that the intended models, i.e. the families of all continuous
[0, 1]-valued functions on a compact Hausdorff space, are, in fact, d-algebras.

Proposition 4.4.4. Given any compact Hausdorff space X, the MV-algebra C(X, [0, 1])
is a d-algebra if, for all {f;}ien C C(X,[0,1]), the infinitary operation 6 is defined as

5(]?) = Z
i=1

S~

7
PR

\V]

Proof. We prove that Axioms A1-A6 are satisfied in the MV-algebra C(X, [0, 1]). Notice
that the operation 4 is well-defined because the series above is uniformly convergent.
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A1l If{g;}ieny € C(X,[0,1]) and z € X, the sequence of the partial sums {Z?:l giQ(f)} N
ne

is monotonically increasing, therefore §(g)(x) > 6(g1,0x)(z). For all z € X we
have

d(5(§)(m),5(gl,6X)(x)>_max< (ZQZ(z ) g1(a:)>

gz’(%’)
2’L

tnqg

s
I\J

(OXa 92,93, - - )(l’)
A2 Let {gi}ien € C(X,[0,1]). For all z € X,

B Zfil 91‘2(?)

=6 (f1(00): f1(02) f1(g8). ) ().

A3 If g € C(X, [0, 1]) then, for all x € X,

59,99, ) () <Z §> @ =310 — @) 3 L =) 1= g(a).
=1 3

i=1 =1

A4 Let {gi}ien € C(X,[0,1]). Then, for all z € X,

OO gi(x)

gt 2931 = ZEL2 f (5(9))

6(0x,q)(z) = t,

A5 Let us consider {f;}ien, {gi}ien € C(X,[0,1]), and set h = {fi ® gi}ien. Then, for
all z € X and for all n € N,

n hz n (2 .
Shn. . B ) o T s G)
i=1 1=1
Consequently,
- = h z fl 2 _'
a0 = Jim 3 >WZ o~ U))
i=1

A6 If g,h € C(X,[0,1]) then, for all z € X,

oy LO0)(E) _ 9@) O hia) _ max (0.9(x) — b))
2 2 2

goh
2

filgen)(@) =
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However,

Corollary 4.4.5. Let X be a compact Hausdorff space, and consider the MV-algebra
A := C(X,][0,1]). There is a unique way to define an infinitary operation 6 on A, such
that (A,0,®,—,0) is a d-algebra.

Proof. Proposition 4.4.4 assures that such an infinitary operation ¢ can be defined on A,
in such a way that (A, 0, ®, -, 0) is a J-algebra. By Proposition 4.4.1, to prove uniqueness
it suffices to show that, for all {f;}ien € A, the join \/, .y D, % exists in A. Upon
recalling that the uniform limit of continuous functions is a continuous function, for all
{fi}iEN - A we have

~ fi “ fi = fi
\/@?:\/Zi_n_ﬁmz lez“

neN =1 neN =1

Here we used the fact that \/, .y > iy 21 = limp 00 D 1y 21. To see that this is true,
denote

gn-—z g f= lim g,

and suppose that h € A satisfies h(z) > gn(x) for all n € N and for all z € X. We
prove that, for all z € X, h(x) > f(z). Fix an arbitrary point x € X, and observe that
the sequence {gn(z)}nen C [0, 1] is monotonically increasing and bounded. Hence its
supremum exists, and satisfies

sup gn(x) = lim g, (z).
neN n—oo

The sequence {gn}nen converges uniformly, therefore pointwise, to the function f. In
particular, lim,, o gn(z) = f(x). Finally, by definition of supremum, since h(z) > g,(z)
for all n € N, we must have

h(x) > ilelggn(w) = f(x).

O]

Remark 4.4.6. If we consider the singleton X = {p} as a compact Hausdorff space, then
C({p},[0,1]) = [0,1]. Therefore, Corollary 4.4.5 ensures that the standard MV-algebra
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[0, 1] admits a unique structure of §-algebra. This structure is obtained by defining, for
all {z;}ien C [0, 1],

5(F) = Z;i

i=1

Definition 4.4.7. Let A, B be §-algebras, and denote by d, &’ the interpretations of the
infinitary operation, respectively in A and B. An MV-homomorphism h: A — B is a
d-homomorphism if, for all {z;};en C A,

h(6(2)) = &' (h(z1), h(x2), h(z3),. . .).

Notation 4.4.8. The sequence {h(z;)}ien in the definition above will sometimes be de-
noted by h(Z). With this notation, the MV-homomorphism A is a §-homomorphism if,
for all {x;}ien C A, h(6(Z)) = &' (h(Z)).

Lemma 4.4.9. Consider the d-algebra [0,1], and let A be an arbitrary d-algebra. If
h: A —[0,1] is an MV-homomorphism then, for all x € A and for alln € N,

Proof. Let us fix an arbitrary element x € A. If n = 1, Proposition 4.2.8.(5) entails

11 (b)) @ 1 (h()) = h(a),

and
WFy (@) & h(F3 () = h(f1(2) & f(2)) = h(a)
Hence, f%(h(az)) ) f%(h(a:)) = h(f% (x)) ® h(f% (z)). On the other hand, since

F(h@) @ £y (h(@) = h(w) < h(1) = 1,

and
it is clear that

We conclude that

fi (b)) = h(f (2)). (4.16)
If n > 1, then
fa (h(@) = f1(f 1 (h(x)
= f1(h(f 1, ())) (inductive hypothesis)
= h(fy(f_r. (@) (4.16)
= h(f 1 (2))
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Proposition 4.4.10. If A is a §-algebra, then any MV-homomorphism h: A — [0,1] is

a d-homomorphism.

Proof. Denote by ¢ the interpretation of the infinitary operation in A, and by ¢’ the
interpretation in [0, 1]. By Remark 4.4.6 we know that, for every {y; }ien C [0, 1],

L =Y
T =3 % (4.17)
=1

Now, for all = {x;};en C A and for all n € N, the following holds.

-,

h(6(Z)) = h(d(x1,z2,...,2,,0) & 6(0,0,...,Zpt1, Tnt2,...)) (Proposition 4.2.8.(2))
= h(0(z1,2z2,...,%n, 6)) @ h(56(0,0,...,Znt1,Tnt2,...))
=h (@ fa (:132)) @ h(6(0,0,..., 41, Tpta,---)) (Proposition 4.2.8.(4))
i1
=h (@ fQ% (x2)> D h(fg% (5(-7577,4—17 Tn+2y - - ))) (Lemma 4.2.6)
i=1
= fz%(h(azz)) ) f%n(h(fs(xn—s—la Tpt2,--.))) (Lemma 4.4.9)
i=1
— @ h(;l) &) h(d(xn+1’2fn+2’ - )) (Lemma 4.4.2)
i=1

s h(iL‘l) h(5(xn+1, Tn+2;y - - ))
h(s = . ) 4.1
o=@ 5 e - (118)
Notice that, in the d-algebra [0,1], the element €D, h(;i) coincides with > 7 | h(;"),
because
"h(r) =1 1
Z 21 Z 21 2n <
=1 =1
Moreover,
- h(:l?l) h((S(.CCn_H, Tn42y .- )) - h(xl) h(5($n+1, Tn+42y- - ))
- = - 4.1
(S50  Mitmsgnc (S92 Mol pund) g1
=1 =1
since
- h(z;) h(6(zp+1, Tnta,---)) 1 1
- <|1—— — = 1.
it 1 n h(z) ; h0(Tng1,8n42,)) (yiot
We remark that the limits lim, o0 ) ;2 =5 and limy, o0 o exist in [0, 1],

and that h(0(Z)) € [0,1] does not depend on n € N. Hence,

h(8(Z)) = lim h(3())

n—oo
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o N h(@)  h(0(zpsn, g, )

= lim_ (Qj 5 ® o (4.18)

e " h(x)  h(6(Tnats Tnaas--))

_nli)nolo (il o + on (4.19)

_ 1 S h(w;) . h(6(znt1, Toga, )

= > ot T

_ - h(x;)

=> =

=1

= 0'(h(Z)). (4.17)

O

If A is a d-algebra, Corollary 4.3.6 states that A is isomorphic, as an MV-algebra, to a
subalgebra of C(X, [0, 1]) for some compact Hausdorff space X. In fact, by Proposition
4.1.10 there is a canonical choice for the compact Hausdorff space: this is the maximal
spectrum Max A of the MV-algebraic reduct of A.

Proposition 4.4.11. Let (A,0,®,—,0) be a §-algebra, identified with an MV-subalgebra
of C(Max A, [0,1]). Then, for all {fi}ien € A and for all m € Max A,

|

O(F)(m) = 5i(m).

=1

\V)
<

Proof. We briefly recall how the embedding ~: A — C(Max A, [0,1]) is defined (for
more details, please see Section 2.2). If f € A and m € Max A, then the function

f: MaxA — [0,1] is given by f(m) = im (%), where (y is the unique embedding
lm: % — [0,1]. Then, Theorem 2.2.72 allows us to identify A with the subalgebra A of
C(Max A, [0,1]), i.e. we identify f € A with f: Max A — [0,1]. Let us fix an arbitrary
point m € Max A, and denote by gn: A — % the quotient map. We can consider the
MV-homomorphism hy: A — [0, 1] given by

ho = tm © G-

We remark that hy, is precisely the evaluation at the point m € Max A. Upon denoting
with ¢’ the infinitary operation in the d-algebra [0, 1], for all {fi}ieny € A and for all
m € Max A, we have

) (Proposition 4.4.10)
)
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= / ;m) (Remark 4.4.6)
1=1
where f(m) := {fi(m)}ien C [0,1]. This proves the proposition. O

Corollary 4.4.12. If A, B are 6-algebras and h: A — B is an MV-homomorphism,
then h is a §-homomorphism.

Proof. In the case B = [0, 1], the statement holds by Proposition 4.4.10. The proof
of the latter relies on the fact that the interpretation of the infinitary operation in the
d-algebra [0, 1] is known: pointwise, it is the series Y .2, % It follows by Proposition

4.4.11, that the same argument applies here, mutatis mutandis. ]

Proposition 4.4.13. Let A be a d-algebra such that A C C(X,[0,1]) for some compact
Hausdorff space X, and let f € C(X,[0,1]) be an arbitrary continuous function. Sup-
pose that there exists a monotonically increasing sequence {s;}ien C A which converges
uniformly to f, and satisfies ||s1|| < 1/2, ||si — si_1|| < 1/2% for all i > 2. Then

f= (5(281, 22(82 © 81), 23(83 © 82), RN 2i($i © 31‘—1), .. )

In particular, f € A.

Proof. The following argument is due to Isbell [42]. For simplicity, define the element
so:=0¢€ A, and set

{281, 22(82 o 81), 23(83 o 82), ... ,Qi(si o Si—l)y .. } = {Qi(si o Si—l)}ieN =: 3.

We point out that the hypothesis ||s; —s;_1|| < 1/2¢ for all i > 1, implies § C A. Further,

the assumption s; > s;_1 for all ¢ > 1 entails that the function s; © s;_1 coincides with

s; — Si—1, for all 4 € N. Then, for every = € X,

2'(s; © si—1)
2

CIOEDS

i=1

(x) (Proposition 4.4.11)

<
Il

I
INgk

&
Q)

|
&

|
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where the last equality holds since the uniform convergence implies the pointwise con-
vergence. We conclude that f = (5. O

Lemma 4.4.14. Let A C C(X,[0,1]) be a separating 0-algebra. Then A is dense in
C(X,[0,1]) with respect to the uniform norm.
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Proof. The d-algebra A is closed under finite @-sums and finite joins. Moreover, it
contains the constant functions Oy, 1x, respectively of value 0 and 1 on X. Given a
dyadic rational number ¢ := 3% € [0,1] and a function f € A, the function ¢f belongs
to A since it can be obtained as

of = f (D@ fy(f).

~~

m times

More generally, if r € [0, 1] is any real number in the unit interval, it is easy to see that
rfisin A. Indeed, let 7 := {r; };ien € {0, 1}¥ be a binary expansion of 7. Assume r is not
a dyadic rational number, so that this expansion is unique, and define f ={fitienC A
by fi :=0x if r;, =0, and f; := f if r; = 1. Consequently, for all x € X,

5@ =3 =S T ) S ),
=1

i=1 i=1

Choosing f = 1x in the previous construction, we see that every constant function of
value r € [0,1] is in A. Furthermore, A separates points of X; hence, by the lattice-
theoretic version of the Stone-Weierstrass Theorem 3.2.17, together with the functor T,
we conclude that A is dense in C(X, [0, 1]). O

Lemma 4.4.15. If A C C(X, [0, 1]) is a separating §-algebra, and f € C(X,[0,1]), there
exists a monotonically increasing sequence { f;}ien C A which converges uniformly to f.

Proof. Recall by Theorem 4.1.11 that the functor I', from the category of unital £-groups
to the category of MV-algebras, is an equivalence. Its quasi-inverse is denoted by = (see
Section 2.3 for details). The MV-algebra A is dense in C(X, [0, 1]) by Lemma 4.4.14,
hence it is possible to show that its enveloping unital ¢-group Z(A) is dense in C(X,R).
Consider the strictly decreasing sequence {a; = 1/2'};cn. In particular, a; tends to zero,
as i — oo. We define two more sequences {b;};en and {c;}ieny € A, such that, for all
1 €N,
1 3 1 1
b, .= 5((% + ai+1) = ﬁ, C; = §(al — ai+1) = W

Observe that b;, ¢; tend to 0 as i — oo, and

1 1
bitei= o =ai, bi—ci=gpy = i

For each i € N, f —b; € C(X,R), hence the density of =(A) entails the existence of

gi € Z(A) such that ||g; — (f — b;)|| < ¢;. This is equivalent to saying that, for all x € X,

1

Fla) — gy < wile) < f(@) — 5

2i—1
We remark that

F() = 5oy < 0i(e) < J(@) = 5 < gisa(@) < f&) —
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i.e. {gitien C E(A) is a strictly monotonically increasing sequence. Upon defining
fi =G \ 0X7

it is clear that {f;};en C A is a monotonically increasing sequence. To prove that the
latter converges uniformly to f, it suffices to notice that, for all ¢ € N,

1 3 1
1fi = FI < Hlgi = £I = 1Cgi = £ +80) = bill < llgi = (fi = D)l + | = 0ill < 5 + 57 = o5
O

Theorem 4.4.16. For every d-algebra A, there exists a compact Hausdorff space X
such that A = C(X,0,1]).

Proof. By Corollary 4.3.6 we know that A is MV-isomorphic (=d-isomorphic, by Corol-
lary 4.4.12) to a separating d-algebra B C C(X, [0, 1]), where the infinitary operation
on B is induced by that of A. We prove that B = C(X,[0,1]). Let g € C(X,][0,1])
be an arbitrary continuous function. By Lemma 4.4.15 there exists a monotonically
increasing sequence {g;}ieny C B that converges uniformly to g. Consider the sequence
{f% (9i) Yien = {% }ien € B, and note that |4 < % for all i € N. The sequence {% };en
is again uniformly convergent, but its limit is §. It is possible to find a subsequence
{si}tien € {% }ien satisfying ||s; —s;—1|| < 2—11 for all ¢ € N. This subsequence satisfies the
hypotheses of Proposition 4.4.13, therefore (with the notation of the proof of the latter)
we have §(5) = §. We conclude, by Proposition 4.2.8.(5), that

5(5) ©6(5) = f1(9) @ f1(0) = g.
This shows that g € B, so that A = B = C(X, [0, 1]). O
Let us denote by A the category with d-algebras as objects, and J-homomorphisms as

morphisms. Corollary 4.4.12 then states that A is a full subcategory of the category MV
of MV-algebras. The following fact was proved in Proposition 4.4.4.

Lemma 4.4.17. If X is a compact Hausdorff space, then
C(X) == (X, [0, 1]

is a d-algebra. O

Lemma 4.4.18. If p: Y — X is a continuous function between compact Hausdorff

spaces, then
C(p) :=—o0p:C(X)—=C(Y)

18 a 6-homomorphism.

Proof. Since A is a full subcategory of MV, it suffices to prove that C(yp) is an MV-
homomorphism. Given f,g € C(X) and ¢ € Y, we have

(0Ox o ¢)(q) = 0x(v(q)) = 0 = Oy (q),
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(fog)op)(q) = (fD9)(e(q) = flr(@) ®g(p(q) = (for)(a) & (g°¢)(q),

(=fop)(q) =~flp(q) =1~ flp(q) = ~(f(p(q) = =(f o ¢)(q)-
O

It is elementary that C preserves compositions, and maps the identity function on a
compact Hausdorff space X to the identity homomorphism of the §-algebra C(X, [0, 1]).
Corollary 4.4.19. C: KHaus — A is a contravariant functor from the category of
compact Hausdorff spaces to the category of §-algebras. Ol
On the other hand, Proposition 4.1.9 tells us that

Lemma 4.4.20. If A is a d-algebra, then its maximal spectrum Max A is a compact
Hausdorff space. O
Regarding the morphisms,

Lemma 4.4.21. If h: B — A is a §-homomorphism, then
M(h) :==h™t: M(A) = M(B)

is a continuous function.

Proof. We remark that the map M(h) is well-defined by Lemma 4.1.8. Recall that a
basis of closed sets for Max B is given by the sets of the form

F,:={meMaxB |becm}.

To prove that M(h) is a continuous function, it is sufficient to show that the preimage of
each basic closed set under the map h~! is closed in M(A). Indeed, this is true because

(h"H)™HF) = {m € Max A | h~}(m) € F}}
={meMaxA|beh m)}
={m € Max A | h(b) € m}
= Fy-

Again, it is easy to see that M preserves compositions and the identity:

Corollary 4.4.22. M: A — KHaus is a contravariant functor from the category of
d-algebras to the category of compact Hausdorff spaces. Ol

We prove that the functors M and C are quasi-inverse.
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Proposition 4.4.23. There exists a natural isomorphism
p: IdkHaus — Mo C,

where IdkHaus denotes the identity functor on the category KHaus.

Proof. If X is a compact Hausdorff space, recall by Proposition 2.2.73 that the map

px: X = Max C(X, [0,1]), px(p) = I({p})

is a homeomorphism, where

I({p}) == {f € C(X,[0,1]) [ f(p) = O}

Define the component of p at X as (u)x := px. To prove the statement, it suffices to
show that p is a natural transformation. In other words, that the following diagram
commutes, whenever f: X — Y is a continuous function between compact Hausdorff
spaces.

X —" 5 MaxC(X,[0,1])
! (MoO)(f)

Y ———— MaxC(Y,[0,1])

For every m € Max C(X, [0, 1]) we have

(MoC)(f)(m) = (=0 f)""(m) = {g € C(Y,[0,1]) | go f € m}.

Hence, for all p € X,

(Mo C)(f) o px(p) = (Mo C)()I({p})
={9eCX[0,1)) [gofel{ph}
={9€C(Y,[0,1)) [ (g0 f)(p) = 0}
= {9 € C(Y,[0,1)) [ ¢(f(p)) = 0}
=I{f(})
= (uy o f)(p)-

Proposition 4.4.24. There exists a natural isomorphism
v:Ida — Co M,

where Ida denotes the identity functor on the category A.
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Proof. Given a é-algebra A, Theorem 4.4.16 shows that the map
va: A— C(Max A, [0,1]), va(a) :=a

is an isomorphism in the category A. Define v: Idp — C o M by its components: we set
(v)a := va. To prove that v is a natural isomorphism, it is enough to show that it is
a natural transformation. That is, for every §-homomorphism h: A — B, the following
diagram commutes.

A— 5 C(Max A,[0,1])
h (CoM)(h)

B——— C(Max B, [0,1])

v
Note that, for all a € A,
(vB o h)(a) = vp(h(a)) = h(a),

and

((CoM)(h) o va) (a) = (CoM)(h)(@) =aoh".

In other words, we must prove that, for all n € Max B,

p—

h(a)(n) = (@o h 1) (n). (4.20)
In turn, upon denoting by bn, h-1(y) the unique MV-embeddings

On: % — [0, 1], bh*l(n): h—jlq(n) —[0,1]

provided by Theorem 2.3.30, (4.20) is equivalent to

n (55) =9 (i)

Fix an arbitrary maximal ideal n € Max B. It is clear that h: A — B induces an MV-
homomorphism h%@) — %, that we continue to denote by h. The latter homomorphism
is injective. Indeed, if h(a) = 0 € £, then h(a) € n, that is @ € h~(n). Thus
a=0¢€ h%(n)' It follows that the composition

bnoh: 0,1]

A
i |

is an MV-embedding. By Theorem 2.3.30 we conclude that hy-1(,) = bn 0 h, whence

) = ) = ().
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We have just proved

Theorem 4.4.25. The category KHaus of compact Hausdorff spaces is dually equivalent
to the category A of d-algebras via the functors C and M. Ol



Chapter 5

The Lawvere-Linton theory of
o-algebras

5.1 Algebraic theories

From the point of view of classical model theory, and in particular of universal algebra, an
algebraic theory is a set T of equational formulz in a language that contains only finitary
function symbols. This approach has two limitations: firstly, it only deals with finitary
operations; secondly, it depends on a specific presentation in terms of operations and
equations. In 1959 Slominski [64] rectified the first limitation by introducing infinitary
universal algebra, that is the study of equationally defined classes of algebras admitting
infinitary function symbols. In the sixties Lawvere [48] introduced the categorical notion
of algebraic theory which rectified the second defect without, however, rectifying the first.
Indeed we will see that (Lawvere) algebraic theories can only capture finitary equational
theories. We give a brief motivation before introducing the abstract notion of algebraic
theory.

Suppose we are given a presentation of a finitary algebraic theory, i.e. an equational
theory T (whose formulae are called azioms) on a finitary signature ¥ without relation
symbols, together with a countable set of variables Var = {z1, 22, ...}. For each positive
integer n, we denote by JF, the set of function symbols of arity n. The set Term of
terms for the language ¥ is inductively defined in the following way: every variable is
in Term; if « € F,, and ¢y, ...,t, € Term, then a(ti,...,t,) € Term. The theory T is
then a set of pairs of terms (s,t), s,t € Term, where each such pair can informally be
thought of as the equation s = t. In the following, we use the latter notation whenever

convenient.

A Y-structure is a set U together with an operation a: U™ — U for each function
symbol a € F,. Observe that any function ¢: Var — U can be extended to a function
©: Term — U. Indeed, suppose that the map @ is defined on the terms tq,...,t, €
Term, and let o € F,, be a function symbol of arity n. Then, we define

@(a(tla cee 7tn)) = &(a(h% cee a@(tn))
99
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A model of T is a X-structure U such that, for every function ¢: Var — U and for
every pair (s,t) € T, the condition @(s) = p(¢) is satisfied. The category whose objects
are models for a theory T and whose morphisms are maps preserving the operations, is
denoted by Mod T. It is possible to construct models for T of a purely syntactic nature.
Define the set Ded of all the equalities between terms deducible from the axioms of T
(this is usually called the deductive closure of the axioms) by the following deduction
rules.

1. Every axiom (i.e. element of T) is in Ded.
2. For each term t € Term, t =t € Ded.
3. Ift=u,u=v € Ded, then u =t € Ded and t = v € Ded.

4. If t =t € Ded and t occurs as a subterm of r € Term, upon denoting with r’ the
term we obtain by substituting ¢ in such an occurrence with ¢’, then » = 7’ € Ded.

5. Suppose t = t' € Ded where t and ¢’ are terms in which the variables z1,...x,
occur. If t1,...,t,, are arbitrary terms and s, s’ denote the terms obtained respec-
tively from ¢ and ¢’ by simultaneously substituting each occurrence of the variable
x; with the term t; for every i = 1,...,m, then s = s’ € Ded.

6. Nothing else is in Ded.

We can define an equivalence relation on the set Term, given by ¢ ~ ¢’ if, and only if,
t =t € Ded. One can prove that ~ is a congruence, i.e. it is an equivalence relation
compatible with all the operations in F,,, for all n € N. If T;, C Term is the set of terms
in which only variables among z1, ..., x, appear, the quotient 7,/ ~ is denoted by F,.

Lemma 5.1.1. If T is the presentation of a finitary algebraic theory, then F, is a model
for T and it is free in Mod T (with respect to the underlying-set functor) over a set with
n generators.

Proof. See [18, Theorem 10.12]. O

Remark 5.1.2. Lemma 5.1.1 holds more generally for presentations of infinitary algebraic
theories, if the countability restriction on the set of variables is dropped [64, 8.3].

It is possible to prove that a coproduct of free models is again a free model and that the
nth copower of the free model F} over one generator is isomorphic to the free model F},
[17, Lemma 3.2.7]. The following proposition provides the connection between classical
universal algebra and categorical universal algebra.

Proposition 5.1.3. Let T be the presentation of a finitary algebraic theory and let F be
the full subcategory of Mod T whose objects are the free finitely generated models F,, for
all n € N. The category F°P has finite products, and Mod T is equivalent to the category
Set”™ of functors F°P — Set that preserve finite products, where the morphisms in the
latter functor category are the natural transformations.
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Proof. See [17, Proposition 3.2.9]. O

The following definition, motivated by Proposition 5.1.3, is due to Lawvere [48].

Definition 5.1.4. A finitary algebraic theory (or Lawvere theory) is a small category
T whose objects are given by a countable set {70, T, ..., T", ...} where T" is the ith
power of T, for each positive integer i. A model of T is a functor F: T — Set preserving
finite products. A homomorphism between two models for T is a natural transformation
between the two functors.

Proposition 5.1.3 states that for every presentation T of a finitary algebraic theory there
is an associated Lawvere theory F°P, where F is the category of finitely generated free
models for T. Further, we can recover the category of models for T, up to equivalence,
as Setf **. Conversely, it is possible to show that each Lawvere theory as in Definition
5.1.4 arises from an appropriate presentation T. Lawvere theories succeed in making
finitary equational theories independent of a specific presentation, in fact every Lawvere
theory is determined by a class of equational axiomatisations which can be regarded as
different presentations (by operations and equations) of that same theory. The previous
definition can be generalized in a straightforward way.

Definition 5.1.5. For any infinite regular cardinal X\, a A-ary algebraic theory (or
Lawvere-Linton theory) is a small category 7» with all A-products, such that every
object is the product of u copies of a fundamental object Fy, for some cardinal p < A.

Again, a model of T? is a functor to Set preserving A-products, and a morphism between
two models is a natural transformation. Now we can consider a presentation T of an al-
gebraic theory on a A-signature (see the Prologue for additional details on A-signatures).
In this case, if F is the full subcategory of Mod T whose objects are all the free objects
generated by a set of cardinality strictly smaller than A, then F°P is the A-ary algebraic
theory associated to T. Observe that, for A = Ny, we recover the Lawvere theory of
T. Denote by Setf *® the category of models of the A-ary algebraic theory of T. In the
following, when a presentation T of an algebraic theory is given, we write 7 for the
A-ary algebraic theory associated to T.

Proposition 5.1.3 can be extended to theories on A-ary signatures.

Proposition 5.1.6. Let T be the presentation of an algebraic theory on a \-signature
3., and denote by F the full subcategory of Mod T whose objects are all the free objects
on sets of cardinality smaller than A. Then Mod T ~ Setf’p.

Proof. See [1, Theorem 3.30]. O

5.2 The case of j-algebras: Hilbert cubes

In this section, we compute the Lawvere-Linton theory of J-algebras which reduces, by
Proposition 5.1.6, to the study of the Nj-ary algebraic theory associated to d-algebras.
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The first step consists in finding an explicit description of the free d-algebras. We will
see that the (unique up to isomorphism) free §-algebra on a set X of generators is

C([o, 1], [0,1]).

This can be proved directly, applying McNaughton’s Theorem 2.2.64 and Proposition
4.4.13. However, we shall prove a stronger result, namely that the category A of é-
algebras is a reflective subcategory of the category MV of MV-algebras, i.e. the inclusion
functor A — MV has a left adjoint. A description of the free objects in A is then
obtained as a consequence.

We observe that Yosida’s representation Theorem 3.2.18 can be translated into the
language of MV-algebras. For this purpose, we agree to say that an MV-algebra A is
divisible if its enveloping unital ¢-group Z(A) is a divisible group. Moreover, recall that
every unital £-group can be equipped with a seminorm induced by the strong order unit
(see Section 3.2). Therefore, we can consider the seminorm induced on its unit interval,
so that any MV-algebra can be naturally equipped with a seminorm. The latter is a
norm if, and only if, the MV-algebra is semisimple (cf. Lemma 3.2.9). An MV-algebra
is complete if it is complete in the norm induced by the norm of the enveloping unital
¢-group Z(A).

Remark 5.2.1. The definitions above make reference to the enveloping unital £-group
of the MV-algebra A. It is possible to give equivalent MV-algebraic definitions in the
following way. Let n € N be an arbitrary positive integer. There exists a term 7, in the
language of MV-algebras such that, for all y € A, 7,,(y) = 0 if, and only if,

n times n times

in the enveloping ¢-group (see [3] for details). It is easy to check that an MV-algebra A
is divisible if, and only if, for all x € A and for all n € N, there exists a unique y € A
such that
x=ny, T(y)=0.

If A is semisimple, we know that it is isomorphic to the separating subalgebra A of
C(Max A4, [0, 1]) by Theorem 2.2.72. One can show that, in this situation, A is divisible
if, and only if, for all @ € A and for all k € QN [0, 1], the function ka belongs to ATt
is also possible to define a seminorm on a divisible MV-algebra without mentioning the
unital ¢-group A. For every = € A, set

[z[1 :=inf{£ € QN[0,1] |z < p%}.
Here p% denotes the iterated @-sum p times of the unique element y € A such that
qy =1 and 74(y) = 0.

It is clear that an MV-algebra A is complete if, and only if, it is complete in the norm
|| - |]1; in fact, the norm || - ||; coincides with the norm inherited by the norm of Z(A).
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Theorem 5.2.2. An MV-algebra A is represented by a compact Hausdorff space X, i.e.
A= C(X,[0,1]), if, and only if, the following hold.

1. A is semisimple.
2. A is divisible.

3. A is complete.

Proof. This follows at once from Theorem 3.2.18, along with the functor I'. 0

In other words, we can identify A with the full subcategory of MV whose objects are
semisimple, divisible, and complete MV-algebras. In order to see that the latter category
is a reflective subcategory of MV, we proceed by steps. Firstly, we shall prove that the
category of semisimple MV-algebras and MV-homomorphisms is a reflective subcategory
of MV. The reflector, i.e. the left adjoint to the inclusion functor, is the functor that
maps an MV-algebra to the semisimple (see Lemma 2.2.50) MV-algebra

A
Rad A’

Furthermore, the image of an MV-homomorphism f: A — B via the reflector is the
induced map between the quotients, namely o RJZTQ)B' The latter map is well-

defined:

Remark 5.2.3. If f: A — B is an MV-homomorphism, then f(xz) € Rad B whenever
z € Rad A. Indeed, by Proposition 2.2.52, if n € N and z € Rad A, then nx < —z. By
Remark 2.2.17, for all n € N,

nf(x) = f(nz) < f(-x) = = f(2).
We conclude, by Proposition 2.2.52, that f(z) € Rad B.

Lemma 5.2.4. The category of semisimple MV-algebras is a reflective subcategory of
the category MV of MV-algebras.

Proof. Let A be an MV-algebra, and let B be a semisimple MV-algebra. Denote with
qg: A — R;ﬁ the quotient map. We must prove that, for every MV-homomorphism
f: A — B, there exists a unique MV-homomorphism f: ﬁ — B such that the
following diagram commutes.

q A
A Rad A
! |
B

For every equivalence class [a] € Ra%, define f([a]) := f(a). We prove that this map
is well-defined. Suppose that b € A satisfies [a] = [b]. This means that d(a,b) € Rad A,
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so that f(d(a,b)) € Rad B = {0} by Remark 5.2.3. However, it is elementary that
f(d(a,b)) = d(f(a), f(b)), hence f(a) = f(b) by Proposition 2.2.28.(1). It is clear that

f is an MV-homomorphism, since so is f, and that it is the unique map such that
f="Feoq 0

If A is an arbitrary MV-algebra, it is not always the case that the abelian group Z(A)
is divisible. However, the latter group can be embedded in a divisible abelian group.
Since every f¢-group is torsion-free [34, Corollary 0.1.2] there is a canonical such group,
the divisible hull of Z(A), that we denote by Z(A)?. In other words, for all a € Z(A)?
and for all n € N, there exists b € Z(A)? such that a = nb. The (unique) element b is
sometimes denoted by &. It is elementary that Z(4)? = Q ® Z(A). It is easy to show
that Z(A)? is an ¢-group where, for all £, % € 2(A)Y,

b A mb
L2 _nenme (5.1)
m n mn
a b na V- mb
—V—=—
m n mn

We prove only (5.1). Assume that « € E(A)? satisfies 2 < £ and z < %. Then mz < a
and nx < b, so that mnx < na and mnz < mb. It follows that mnax < na Amb. If y is
the element in Z(A)? such that mny = na A mb, we have mnx < mny, whence

na A mb

TSY= mn

Define the divisible hull of the MV-algebra A as the MV-algebra
A =T (5(A)9).
We remark that Z(A%) = Z(A)9.

Lemma 5.2.5. The category of semisimple and divisible MV-algebras is a reflective
subcategory of the category of semisimple MV-algebras.

Proof. Let A be a semisimple MV-algebra, and consider the functor that sends A to
the semisimple and divisible MV-algebra A¢ (the behaviour of the latter functor on
morphisms is clear). Denote by i: A — A? the inclusion map. We prove that this
functor is a reflector, i.e. for every semisimple and divisible MV-algebra B, and for every
MV-homomorphism f: A — B, there exists a unique MV-homomorphism f¢: AY — B
such that the following diagram commutes.

At opd

fd

B
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However, since the functor I': ¢/Grp, — MV is an equivalence (Theorem 2.3.29), it suffices
to observe that there exists a unique group homomorphism g: Z(A)¢ — Z(B) such that

the next diagram is commutative.

It is easy to prove that g is an f~-homomorphism since it extends the /~-homomorphism
f. Therefore, the MV-homomorphism f¢ := I'(g) has the required property. ]

Let A be a semisimple MV-algebra, equipped with the norm induced by the norm
of the (-group Z(A). It is possible to show that the MV-algebraic operations of A are
continuous with respect to the norm. Hence, there is an induced structure of MV-algebra
on the norm-completion of A. We denote this completion by A¢. It is elementary that
A¢ 2 T(2(A)°), where Z(A)¢ is the completion of the enveloping ¢-group with respect
to the norm induced by the strong order unit.

Lemma 5.2.6. The category of semisimple, divisible and complete MV-algebras is a
reflective subcategory of the category of semisimple and divisible MV-algebras.

Proof. 1If A is a semisimple and divisible MV-algebra, denote by j: A — A€ the inclusion
map. We must prove that, for every semisimple, divisible, and complete MV-algebra B
and for every MV-homomorphism f: A — B, there exists a unique MV-homomorphism
f¢: A — B such that the following diagram commutes.

If b is an arbitrary element of A° and {a;};eny € A is a sequence converging to b in the
norm of A, define f¢(b) := lim;ecy f(a;). Since the operations of A are continuous with
respect to the norm, it is clear that f¢ is an MV-homomorphism from A€ to B. Now,
suppose that ¢g¢: A° — B is another MV-homomorphism satisfying f = g o j. Then we
have two unital ~-homomorphisms Z(f¢),Z(¢¢): 2(A¢) — Z(B) satisfying

=(9) 0 20) =

/[1\]
=
Il
/[_11
Na)
N
(@]
[1]
<

(5.2)

Since Z(A€),Z(B) are complete, divisible, and archimedean ¢-groups, by Propositions
3.2.16 and 3.2.1 we know that =(A°) = C(Max=(A),R) (because Z(A¢) = =(A)°) and
=(B) = C(MaxZ(B),R). However, by Yosida duality every unital {-homomorphism
from C(MaxZ(A),R) to C(MaxZ(B),R) is of the form — o h for some continuous map

h: MaxZ(B) — MaxZ(A). Let h,h’ be continuous maps such that Z(f¢) = —o h
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and =(¢g°) = — o h/. Since A is a semisimple MV-algebra, it follows that Z(A) is an
archimedean (-group, so that Z(A) is f-isomorphic to the separating ¢-subgroup

Y(E(4)) = {g € C(MaxE(A),R) | g € E(A)}
of C(Max=(A),R). Then, (5.2) entails the following:
for all § € Y(G), Goh=goh'. (5.3)

Assume by contradiction that h # I/, i.e. there exists m € MaxZ(B) such that h(m) #
h'(m). The f-group Y(G) separates points, hence there exists § € Y(G) such that
g(h(m)) # g(h'(m)), which contradicts (5.3). We conclude that h = h/, that is Z(f¢) =
E(¢¢). However Z is an equivalence (in particular it is faithful), thus f¢ = g°. O

Theorem 5.2.7. The category A of d-algebras is a full reflective subcategory of the
category MV of MV-algebras. The reflector is provided by the functor

R:MV = A, R(4) = ((gda)")

Proof. The category A is a full subcategory of MV by Corollary 4.4.12. For each MV-
algebra A, R(A) is the completion of the divisible hull of the MV-algebra RTgA‘ Denote
by I: A — R(A) the composition of the maps

; d ) d\ ¢
A A — (w5 ()7

where ¢ is the quotient map and i, j are the inclusion maps. Now, let A be an arbitrary
MV-algebra. To prove the theorem, it suffices to show that for every complete, divisible,
and semisimple MV-algebra B and for every MV-homomorphism f: A — B, there exists

a unique map g: R(A) — B such that the following diagram commutes.

Hence, to conclude it is enough to set g := ( f 4)¢, In fact, in order to prove the theorem it
suffices to recall that a composition of adjoint functors is an adjoint functor [52, Theorem
1 p. 101], and apply Lemmas 5.2.4, 5.2.5 and 5.2.6. O
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Proposition 5.2.8. The free -algebra on a set X of cardinality k is the d-algebra

C([0,1]%,[0,1]).

Proof. Let X be a set of cardinality «, and let Free, denote the free MV-algebra on X.
In view of Theorem 2.2.64, we can identify Free, with the MV-algebra of McNaughton
functions on [0, 1]*, i.e. the MV-algebra of all the continuous piecewise linear functions
with integer coefficients from [0, 1]* to [0, 1]. Then, Theorem 5.2.7 implies that the free

d-algebra on the set X is
d (&
<< Free, ) >
Rad Free, :

However, it is elementary that Free, is semisimple, so that #ﬁgeﬁ >~ Free,. We
remark that (Free,)? is the MV-algebra of all the continuous [0,1]-valued piecewise
linear functions with rational coefficients on [0,1]". By Proposition 2.2.68 the MV-
algebra Free,, a fortiori its divisible hull, separates points. The lattice version of Stone-
Weierstrass Theorem 3.2.17, along with the functor T, entail that (Free,)? is dense in

the MV-algebra C([0,1]%,[0,1]). Therefore,

((Freeﬁ)d>c =~ ([0, 1]%, [0, 1]).
0

Corollary 5.2.9. The Lawvere-Linton theory TN of §-algebras is equivalent to the
category whose objects are the cubes [0,1]*, for every countable cardinal X\, and whose
maps are all the continuous maps between cubes.

Proof. Let F denote the full subcategory of A whose objects are the free d-algebras
on a countable set of generators. Since the free J-algebra on a set of cardinality k is
isomorphic to C([0,1]%,[0,1]) by Proposition 5.2.8, an arbitrary object of F is of the
form C(]0,1]*, [0, 1]) where X is a countable cardinal. However, by the duality between
d-algebras and compact Hausdorff spaces (Theorem 4.4.25), it is clear that the dual
of the d-algebra C([0,1]*,[0,1]) is the space [0,1]*. We conclude that F° is the full
subcategory of KHaus whose objects are all the cubes [0, 1]}, with A a countable cardinal
number. Furthermore, by Proposition 5.1.6, the category A of d-algebras is equivalent
to the category of functors from F°P to Set which preserve countable products. O

Remark 5.2.10. Every category that is monadic over Set is complete and cocomplete
[11, Corollary 2 p. 118, Proposition 4 p. 320]. Hence, in particular, the category
A is complete and cocomplete. Recall that a subcategory D of a category C is said
to be closed in C under limits (respectively under colimits) if the following property is
satisfied: the limit (respectively colimit) of every diagram in D, computed in C is, in fact,
in D. Since right adjoint functors preserve limits, every reflective subcategory is clearly
closed under limits in the ambient category. Therefore, the category A is closed under
limits in MV, by Theorem 5.2.7. However, it is easy to see that A is not closed in MV
under colimits. General category-theoretic results show that the underlying-set functor
of a variety commutes with directed colimits if, and only if, the variety is finitary [1, p.
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149]. This means that there is a directed diagram in A whose colimit is computed in
different ways in the categories A and MV. We explicitly describe this colimit. Consider
the family of all the finitely generated free J-algebras, partially ordered by inclusion. In
fact, the latter set is a directed partially oredered set. One can prove that the colimit of
this diagram in the category MV is the free MV-algebra on Xy generators, i.e. the algebra
of the McNaughton functions on the cube [0, 1]¥°. However, the colimit of the diagram
in the category A is the free J-algebra on Rq generators C([0, 1]%0,[0,1]). In particular,
the latter is the completion of the divisible hull of the former. Another example is the
following. Consider the directed set in A whose objects are all the §-algebras of the form
C([0,1],[0,1]), for n € N. It is possible to show that the colimit of the latter diagram
in A is the d-algebra [0, 1], while the colimit in MV is not semisimple.

We close this chapter by providing some universal-algebraic information on the category
A, regarded as a variety of algebras.

Lemma 5.2.11. The d-algebra [0,1] generates A as a variety, and as a quasivariety.

Proof. It is enough to observe that every d-algebra is isomorphic to an algebra of the
form C(X,[0,1]) for some compact Hausdorff space, by Theorem 4.4.16. This means
that every d-algebra is a subalgebra of the d-algebra [0,1]% (where operations in the
latter algebra are defined pointwise). In other words,

SP([0,1]) = A,
and the lemma is proved. O

Lemma 5.2.12. The variety of d-algebras does not admit any proper non-trivial subva-
riety.

Proof. Let V be a non-trivial subvariety of A. By Lemma 5.2.11 it suffices to prove that
the d-algebra [0, 1] belongs to V. Since V is non-trivial, there is a non-trivial algebra
C(X,[0,1]) in V, i.e. X # @. Then the subalgebra of C(X,[0,1]) generated by =0 = 1
is isomorphic to [0, 1]. O

Lemma 5.2.13. The unique non-trivial simple d-algebra is [0, 1].

Proof. Suppose A is a non-trivial simple §-algebra, i.e. the only congruences on A are
the trivial one and the improper one. Then the MV-reduct of A is a simple MV-algebra,
so that A is MV-isomorphic to a subalgebra of [0, 1] by Theorem 2.2.44. It is elementary
that A = [0, 1]. O

Remark 5.2.14. Recall that an algebra A is a subdirect product of the family of algebras
{Ai}ier if A is isomorphic to a subalgebra of the product [[,.; A;, i.e. there is an
ierAi, and w0 a(A) = A; for all i@ € I (where
7t [lier Ai — A; is the ith projection). An algebra A is subdirectly irreducible if,

injective homomorphism a: A — []

whenever it is represented as the subirect product of a family {4;};cs, there is i € T
such that A = A;. G. Birkhoff proved in [14] that every finitary algebra is a subdirect
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product of subdirectly irreducible algebras. Moreover, he remarked that this result
cannot be extended, in general, to infinitary algebras. However, since every §-algebra
is a subdirect product of copies of [0, 1] by Theorem 4.4.16, it is clear that the unique
subdirectly irreducible d-algebra is the d-algebra [0, 1]. This shows that every J-algebra
is a subdirect product of subdirectly irreducible d-algebras.



Chapter 6

C*-algebras

6.1 Banach algebras

The theory of Banach algebras can be treated in four different ways, by studying ei-
ther real commutative or non-commutative algebras, or complex commutative or non-
commutative algebras. When considering C*-algebras (=Banach algebras with an invo-
lution satisfying the C*-identity), these four paths lead to four different representation
theorems. These approaches are clearly exposed in the monograph [36]. Traditionally,
the highest attention was paid to the complex case, in connection with the investiga-
tion of operator algebras. In this context, the two main representation results are due
to Gelfand and Neumark. The first one states that every complex commutative unital
C*-algebra is the algebra of all continuous C-valued functions on a compact Hausdorff
space [32, Lemma 1]. The second one allows to represent every complex (possibly non-
commutative) unital C*-algebra as a (norm and adjoint)-closed algebra of some bounded
operators on a complex Hilbert space [32, Theorem 1]. For a thorough treatment of the
Gelfand-Neumark representation theorems, along with a historical introduction to the
subject, the interested reader is referred to [26].

We will focus on the complex commutative case only. Since many central constructions in
the theory of C*-algebras (e.g. the Gelfand transform) can be carried out more generally
for Banach algebras, we shall begin studying the latter algebras. We will not restrict
ourselves to C*-algebras, until their extra structure is needed (e.g. to show that the
Gelfand transform of a C*-algebra is a *-isomorphism).

6.1.1 Introduction

Definition 6.1.1. A complex commutative Banach algebra is a complex Banach space
A with a product (denoted by a dot z-y or by juxtaposition zy), satisfying the following
conditions.

1. 2y = yx.

110
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2. z(yz) = (zy)=.
3. z(y+ 2) = zy + x2.

4. If z, — x, then z,y — zy (and consequently, by commutativity, if y, — y, then
xTYn — xy), i.e. the product operation is continuous.

Remark 6.1.2. In item 4 of the previous definition, the notation x, — x means that
the sequence {z, }nen C A converges in the metric induced by the norm to the element
x € A. In general, when dealing with metric properties of a Banach algebra, we will
always implicitly refer to the metric induced by the norm.

Notation 6.1.3. Henceforth, by a Banach algebra, we understand a complex commutative
Banach algebra.

Definition 6.1.4. A unit of a Banach algebra A is an element e € A such that ex =
for every z € A (the equality xe = x follows by commutativity). If A has a unit, then
it is said to be a unital Banach algebra.

It is not always the case that a Banach algebra has a unit, however it is always possible
to add it, in the following way. Consider the set Ae := A x C of pairs (a,A), where a
is an element of the algebra and A is a complex number. We can equip this set with
operations

(1, A1) + (22, A2) := (21 + 22, A1 + X2),

for all p € C, p(z, A) == (ux, pA),
(a;l, )\1) . ({/CQ, )\2) = (xll'g + Axo 4+ Az, )\1)\2).

Furthermore, we can define a norm on Ae, by setting
(2, M= [l Al

It is easy to verify that

Lemma 6.1.5. A, is a Banach algebra. Moreover, its subalgebra with underlying set
{(z,0) € Ae | x € A} is isomorphic and isometric to A. O

Observe that the algebra A, has a unit, namely the element (0,1). Indeed, for all
(z,A) € A,
0,1) - (x2,N)=0-z2+0-A+1-2,1-)) = (z,A).

In other words, every Banach algebra A can be embedded in a unital Banach algebra
A.. Hence:

Notation 6.1.6. Throughout this chapter, unless stated otherwise we assume that every
Banach algebra has a unit e. Therefore, by a Banach algebra we understand a unital
Banach algebra. We do not require that the condition e # 0 is satisfied, so that {0 = e}
is a Banach algebra.

Some authors (see for example [16]) assume, as part of the definition of a Banach algebra,
that the norm is submultiplicative, i.e. ||zy| < ||| - ||y||. Another property of unital
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Banach algebras, that is usually required, is that || e|| = 1. In fact, these conditions are
not necessary, in the sense that given any Banach algebra A, there is an equivalent norm
on A satisfying the conditions above. We first recall what it means for two norms to be
equivalent. Given a normed space (X, || - ||), we say that a norm ||-|| on X is equivalent
to ||-|| if there exist real numbers a, b > 0 such that al|z| < ||z||| < b||z|| for every z € X.
Equivalent norms preserve convergence and limits of sequences, hence they induce the
same topology.

Lemma 6.1.7. Given a Banach algebra A, there exists an equivalent norm || - | on A
such that ||xy|| < ||z] - ||ly|| for all z,y € A, and || el = 1.

Proof. The proof goes as follows: we shall construct a Banach algebra A’ whose elements
are some bounded linear operators from A to itself, and show that there is an isomor-
phism of linear spaces T: A — A’ that is continuous with continuous inverse. The norm
on A’ will satisfy the required conditions, and so will the norm induced on A, that is
|z|| :== ||T'z||. For each element x € A, define the operator V;: A - A as Vay :==x -y
for all y € A. Clearly V, is a linear operator, that is V,(y1 + y2) = Vey1 + Vyye and
Ve(Ay) = A\V,y, and it satisfies Vyy4,y = Vi - Vi, y. It is also a bounded operator: for
any sequence y, — ¥y, we have V,y, = zy, — xy = V,y, hence V, is bounded, because
a linear operator between normed spaces is continuous if, and only if, it is bounded [50,
Theorem 7A]. In this way, we get a collection of continuous operators {V, },c4 contained
in the set L(A) of all bounded linear operators from A to itself. L(A) is a Banach space
since A is a Banach space [50, 7B], and {V, }zc4 is a linear submanifold of L(A). Denote
A" := {V,}rea and notice that, for all V,, € A, the identity V,(yz) = V,y - z holds
since V,(yz) = z(yz) = (zy)z = (Vpy) - z. We will show that this property completely
characterises the set A’. Assume that an operator V: A — A satisfies V(zy) =V (y) - 2
for all y,z € A. We shall find an element x € A such that V' = V,. Consider z := Ve,
where e € A is the unit of A; then, for all y € A, we have Vy =V (ey) =Vey=1z-y.
In other words, we have shown that V' = V,, where x = Ve. Next, we prove that A’
is norm-closed in L(A), so that it is a Banach space. Given {V,,} C A" and y € A, if
Voy — Vy, then V € A’; indeed, by the characteristic property, Vi, (y1y2) = (Vayi) - 42
for all n € N. Further V,, € A’, hence there exists x,, such that V,y = x,y. The con-
dition V,,y — Vy is equivalent to x,y — zy. For y = e we have V,e = z,e = z,, and
Ty = Vpe — Ve, Upon writing x for Ve, the sequence x,y = V,y converges both to
Vy and to zy. We conclude that Vy = xy, that is V = V,, whence A’ is closed under
pointwise convergence. On the set A’ there is a multiplication given by V,V, = V),
since V,Vyz = Vi(yz) = 2(yz) = (zy)z = Vyyz. The operator T: A" — A defined by
T: V, — x is a bijective linear operator. It is also bounded, indeed

e 1
IVall = sup [Vagll = sup [layl] > xH”H — el

llyll<t lyll<1

so that ||z|| < || e]| - ||[Va]||, which says that T is bounded by the constant || e ||. Since T is
a bijective bounded linear operator, by the Inverse Mapping theorem [22, Theorem 12.5
p. 91], the operator T := T-1: A — A’ is bounded. We conclude that T is a continuous
isomorphism of linear spaces with continuous inverse. Finally, it is easy to see that the
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norm on A’, namely the operator norm
[Vall :==inf {M € R | [[Vay| < M|ly[| for all y € A},

satisfies ||V Vy || < ||Vl - |Vyll for every V,,V, € A', and ||Te|| = ||Ve|| = 1. The equiva-
lent norm on A, defined by ||z|| := ||Tz|| satisfies the two conditions of the statement. [J

Corollary 6.1.8. Let A be a Banach algebra, let {z,},{yn} C A, and let x,y € A. If
Tn — x and y, — Yy, then .y, — xy.

Proof. Consider an equivalent norm on A satisfying ||zy| < ||z| - ||y|. Such a norm
exists by Lemma 6.1.7. Then

[Znyn — 2yl = 1(@nyn — Tny) + (Tny — 2y)||
< [znyn — zpyll + lzny — 2yl
= lzn(yn — W + lly(zn — 2)||
< llzall - Mlyn =yl + 1yl - [|2n — |-

By hypothesis, ||z, — z|| — 0 and |y, — y|| — 0, as n — oo. Moreover |z|,||y|| are
constants, hence ||x,y, — xy|| — 0 as n — oo, i.e. Tpyn — TY. O

Henceforth, in view of Lemma 6.1.7, we assume that the norm on any Banach algebra
satisfies the conditions |zy|| < ||z] - ||y|| and ||e|| = 1.

Recall that a bounded operator T: X — Y between normed spaces is said to be non-
extensive if ||T|| < 1, ie. ||Tz|| < ||z|| for all x € X. A non-extensive operator is
sometimes called a weak contraction. Further, recall that a map between unital com-
plex algebras is a homomorphism (of unital complexr algebras) if it preserves addition,
multiplication, scalar multiplication, and the unit.

Definition 6.1.9. A map f: A — B between Banach algebras is a Banach homomor-
phism, provided that it is a non-extensive homomorphism of complex algebras.

In particular, every Banach homomorphism is continuous.

Remark 6.1.10. Observe that every bijective Banach homomorphism is an isometry. In
fact, let T" be a bijective bounded operator between Banach spaces. Then the inverse
operator T~! is a bounded by the Inverse Mapping theorem [22, Theorem 12.5 p. 91].
Moreover,

L= TTH < T - 1T,

whence [T~ > ||T||~* > 1. If T is a bijective Banach homomorphism, then 1 > ||T| >
|T-1||7! > 1, meaning that T is an isometry. In other words, a bijective homomorphism
of complex algebras is a Banach isomorphism if, and only if, it is isometric.

We now give some examples of Banach algebras.
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Example 6.1.11. Let C(]0,1],C) be the set of all the C-valued continuous functions
on the real interval [0,1]. This is a (commutative) unital Banach algebra, whose norm
is given by the uniform norm

17lloo:= sup [7(8)] = max [£(0)]

for every f € C([0,1],C). The multiplication of the algebra is the pointwise multipli-
cation, and the unit is the constant function of value 1, i.e. e = 1jg ). The inequality
Ifgll < [If]l-llgll is easily seen to be satisfied, and the unit e has obviously norm 1. More
generally, these observations hold for an arbitrary compact Hausdorff space X, not only
for the space X = [0,1]. In other terms, C(X,C) is a (commutative) unital Banach
algebra.

Notation 6.1.12. In this chapter, the symbol C(X) will always denote the Banach algebra
C(X,C) of all the C-valued continuous functions on the compact Hausdorff space X.

Example 6.1.13. If X is a Banach space, and L(X) is the set of all bounded linear
operators from X to itself, then L(X) is a non-commutative Banach algebra. In fact it is
a Banach space by [50, 7B] if the norm of T' € L(X) is defined, as usual, as the operator
norm

IT|| :=inf {M e R | ||Tz| < M|z| forall x € X}.

Furthermore, the multiplication on L(X) is taken to be the composition of operators,
and the unit element is the identity operator on X. It is easy to see that, equipped with
this structure, L(X) is a Banach algebra which is, in general, non-commutative.

Example 6.1.14. Let D,, denote the subset of C([0, 1]) whose elements admit continuous
nth derivative. We remark that, if f € D,, then f belongs to D,, for every 0 < m < n.
Define the following norm on the set D,,. For every element f € D,,,

n

_ (k)
£l : max [ (0)].

The latter norm is not submultiplicative. Indeed, consider the function f(t) := ¢, and
take g = f. Then fg: t — t2, and

| fgl| = max [t?| + max [2t| + max |2| = 5,
o<t<l 0<t<l1 0<t<1

while

2
=4.
0<t<1 0<t<1

2
191 ol = CLAD® = (g ]+ g
In this case we can consider an equivalent submultiplicative norm on D,,, namely
n

maxoc<s<y | fF (¢
s =y st 0,

k=0

It is possible to show that D,, is a Banach space, and a Banach algebra if multiplication
is defined pointwise.
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6.1.2 Spectrum and Gelfand-Mazur theorem

Proposition 6.1.15. Let A be a Banach algebra, and let
G :={x € A| there exists x—' € A}

be the set of invertible elements of A. The following hold.

1. G is an open subset of A.

2. The map x — x~ L, from G to itself, is continuous.

Proof. 1f A is the trivial Banach algebra {0 = e}, there is nothing to prove. Otherwise,
the set GG is non-empty because e € G. We shall first prove that, for all x € A such
that ||z|| < 1, there exists (e —x)~! € A. In other words, a neighborhood of e consists

of invertible elements. Consider the series
etz +a? a4

in the Banach algebra A: it is convergent, since it satisfies Cauchy’s convergence test.
Indeed, from the inequality ||zy| < ||z| - ||y||, it easily follows by induction that ||z¢ <
|z||* for every i € N. Upon denoting g := ||z||, we have ||z¢| < ¢’. The condition ¢ < 1

m m m
sz ZHxZHg Zqi—>0, as n — oo.

i=n+1 1=n-+1 i=n+1

entails

A Banach algebra is complete, so that e+> 7, zt =y € A. We claim that y =
(e —x)~1; this will show that (e —x)~! € A. In fact, the equality (e —z)y = e holds
because

(e—z)y = (e—x) lim (e4+z 42>+ - 4+2"})

n—oo

= lim (e—z)(e+z+ 2%+ - +2"1)

n—oo

(
= lim (e+z+2®+ - +2" -z —2?—2%—... 2"
(e—

n—oo

= lim

= €.

Here z™ goes to 0 as n — oo, because the condition ¢ < 1 implies ||z"] < ||z]|™ < ¢",
ie. limy o [|2"| = 0. Now, to prove item 1, pick an element z € G. We will show that
the open neighborhood

{z+h|heA, |h|< M}

of = is contained in G, that is for every such h there exists (z + h)~! € A. We remark
that (z +h) = z(e +2~'h), and

_ _ -1
== Rl < 27 1Al < 9=l = 3 < 1.
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We proved above that, if ||z|| < 1, then e —z is invertible. Therefore the element e +x~1h
is invertible, and so is x + h since

(z+h)z etz th) L= (z+h)(z+h)=e.

For item 2, let h be an element of A satisfying the condition [|h| < 2”%1” Then

1@+ 1)~ =27 = llz™ e +a™ h) ™ — a7l
=z ((e+a7 h) T — ¢
<lz™H - (e +2 ™ h) ! —ell.

Setting y := 2~ 'h, we find that the norm of the element 3 does not exceed 1, indeed we
previously observed that ||y| < % Reasoning as above we have (e —y) ™! = e+y + % +

y3 + ---, whence
(ety) t=(e—(—y) t=e—y+y?—o>+- -
Consequently,
e (ety) " —ell = =Y - [ =g+ 2% — 5+ 5% — |
=l ly(—e+y—v* +4° =)l
<l - Nl | —e+y—y> +5° =]

<Ml = ey =P =]
<l 2Rl ()= e+l + = o2+ gl + )
Y E R LR i S

= 20742 .

To sum up, we showed that ||(x + k)=t — 27| < 2||27Y|? - ||h||. It is clear that the real
number ||(z + h)~! — 27| goes to 0 as h — 0. We conclude that the function x + 27!
is continuous (in fact, it is Lipschitz continuous). O

We state, for future reference, a useful fact that we showed in the proof of the foregoing
proposition.

Lemma 6.1.16. Let A be a non-trivial Banach algebra, and let x € A. If ||z|| < 1, then
the element e —x 1is invertible. O

Definition 6.1.17. Let A be a non-trivial Banach algebra, and let x € A. The spectrum
of z is the set of complex numbers A € C for which x — A e is not invertible. In symbols,

0y, ={\€C|(x—Xe)™! does not exist} C C.

The set 2, := C\ o, is called the resolvent set of x. If A € €, the element Ry :=
(r —Xe)~l € Ais a resolvent for z.

Remark 6.1.18. If A is the trivial Banach algebra {0 = e}, we set 0 := @.
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Example 6.1.19. Consider the Banach algebra C(X), for some compact Hausdorff
space X. If f € C(X), then oy = f(X). On the one hand, if A € f(X), then the
function f — Alx has a zero, hence it is not invertible. This shows that f(X) C of. On
the other hand, if A ¢ f(X), then the function f — Alx never vanishes on the space X.
Thus its inverse is a well-defined continuous function on X, so that A ¢ oy.

Lemma 6.1.20. Let x € A be an element of a non-trivial Banach algebra, and let A € C.
If [N > ||z||, then A € Q, i.e. x — Ae is invertible.

Proof. Write z —Xe = A (§ —e). Then [|%] = % < 1, because |A| > |[|z|. By Lemma

6.1.16 the element § — e is invertible. We conclude that (z — Xe)™! € A, since

(x—xe) ' = () (

>8
|
@
~
~—
L
Il
g
—
—
>8
|
D
~
L

O]

Corollary 6.1.21. If A is a Banach algebra and x € A, then o, is a bounded subset of
C.

Proof. 1If A is the trivial Banach algebra {0 = e}, then 0y = @ C C is clearly bounded.
If A is non-trivial and X € oy, then || < ||z|| by Lemma 6.1.20. O

Lemma 6.1.22. If A is a Banach algebra and x € A, then Q, is an open subset of C.

Proof. The statement is trivial if A is the trivial Banach algebra {0 = e}. Let ¢: C — A
be the map given by p(A) := x — Ae. It is easy to see that ¢ is a continuous function.
Further, it is elementary that 0, = p~}(G), where G C A is the set of invertible elements
of A. The set G is open by Proposition 6.1.15.(1), hence its preimage 2, is an open
subset of C. O

Corollary 6.1.23. If A is a Banach algebra and © € A, then o, is a closed subset of
C. O

Corollary 6.1.24. If A is a Banach algebra and x € A, then o, is a compact subset of
C.

Proof. This follows at once from the Heine-Borel theorem [5, Theorem 3.30], since o, is
a closed and bounded subset of C by Corollaries 6.1.21 and 6.1.23. 0

Lemma 6.1.25 (Hilbert Identity). Let A be a Banach algebra, and let x € A. Then,
for all A\, € Qy,
R)\ - R,u = ()\ — ,UJ)R)\RM.

Proof. Writing (A — ) e = (z — pe) — (z — Ae), and recalling that Ry = (z — Ae)~! and

R, = (z — pe)~L, we see that

R,(A—p)eRy =R, (x —pe)Ry — Ry(z — Ae)R)
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if, and only if,
(A—p)R,Rye=eR)—R,e.

Therefore (A — p)R, Ry = R\ — R,.. O
Corollary 6.1.26. Let A be a Banach algebra, and let x € A. The function R: Q, — A,
defined by R(\) := Ry, is analytic on €.

Proof. By Lemma 6.1.25, we know that

Br—R, _
pe— = R,R).

For o — A, if the limit of the ratio exists, it coincides with the derivative of R evaluated
in A € Q. Firstly, observe that, if y — A, then R, — R). Indeed, assuming that ;1 — A,
we see that (r — pe) — (x — Ae). Hence

Ru=(z—pe)" = (x—Ae)™ = Ry,

by the continuity of the function z — z~! (Proposition 6.1.15.(2)). We conclude that
R,Ry\ — (Ry)?, ie. R is differentiable in every point A € Q,, with derivative R'(\) =
(Ry)2. O

Theorem 6.1.27. Let x € A be an element of a non-trivial Banach algebra. Then the
spectrum of x is non-empty, i.e. o, * <.

Proof. Suppose by contradiction that there is x € A such that o, = @ or, equivalently,
Q, = C. Then the function R: A+ (z — Ae)~! is analytic on the whole complex plane.
Fix a real number K strictly greater than ||z||, and assume that |A\| > K. We have

(z—Xe) t=2"1(% —e)fl,

where || T = lIiMH < 1. As || = oo, we have ¥ —e — — e, and consequently (% — e)_1 —
(—e)! = —e. Since (% — )71 converges, || (% — e)f1 || is bounded. It follows that

|IR(A)| is also bounded, because

IRl = 1l (3 =) "Il

Now, we deal with the case |A\| < K. The function R is continuous, even differentiable,
and the norm function || - || is continuous. Since the domain {\ € C | || < K} is
compact, the function A — ||R(\)|| is bounded. We have proved that, for all A € C,
the function ||R(A)|| is bounded. Liouville’s theorem [4, p. 122] states that an analytic
bounded function on C is constant. In our case this constant must be 0, because Ry =
(x—Xe) t=X"1(5- e)_1 — 0, as |A| goes to infinity. In other words, R: Q, — A is
the constant function of value 0 € A. But this leads to a contradiction, namely

e=(z—Xe)(z—Xe) ' =(z—Ne)Ry = 0.
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Thus, for every element & € A of a non-trivial Banach algebra, there exists a complex
number A such that the element z — Ae is not invertible. As a consequence, we obtain
the following

Theorem 6.1.28 (Gelfand-Mazur). Let A be a non-trivial Banach algebra in which
every non-zero element is invertible. Then A is isomorphic and isometric to C.

Proof. Consider an arbitrary element x € A. By Theorem 6.1.27 there exists A € o,.
The element x — A e is not invertible, hence x — Ae = 0, i.e. x = Ae. This means that, for
every non-zero x € A there is a unique A, € C such that x = A, e. This allows to define
a bijection A — C by x — A,. It is easy to check that the latter is an isomorphism, and
it is isometric since [|z|| = || Az e = |Az] - || el = [Az] - 1 = [Az]- O

6.1.3 Maximal ideals and multiplicative functionals

By a subspace of a Banach space X we understand a subset of X that is closed under
sum and scalar multiplication, in other words a linear subspace of X. We do not require
the subset be closed, i.e. that itself be a Banach space.

Definition 6.1.29. Given a Banach algebra A, an ideal of A is a subset I C A such
that I is a subspace of A and, for all x € A, I C I.

Any Banach algebra A contains two (possibly non-distinct) ideals, namely the trivial
ideal I = {0} and the improper ideal I = A.

Example 6.1.30. It is clear that the subset
I:={feC([0,1]) | f

is an ideal of the Banach algebra C([0,1]).

The following result states that an arbitrary proper ideal consists of non-invertible ele-
ments.

Lemma 6.1.31. If I C A is a proper ideal then, for all z € I, = does not exist in A.
Proof. Suppose, by contradiction, that there exists an invertible element x € I, that

! L € A entails
(zz=1)I C I. In particular, since z € I, we get z = (zx~ 1)z € I. Therefore I = A, but

isx™ € A. If z € A is an arbitrary element of the algebra, then zx~

this contradicts the assumption that I is a proper ideal. O

On the other hand, any non-invertible element of a Banach algebra is contained in some
proper ideal.

Lemma 6.1.32. Let A be a Banach algebra, and let x € A. If x is not invertible, then
there is a proper ideal I C A such that x € I.
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Proof. Pick an element z € A which is not invertible, and consider the set
zA:={zy|y e A}.

It is elementary that x A is an ideal of A. Moreover it is proper because e ¢ z A, since z
is not invertible. Obviously we have r = ze € zA. O

Corollary 6.1.33. A Banach algebra A does not admit any proper non-trivial ideal if,
and only if, every non-zero element of A is invertible. O

Remark 6.1.34. By Theorem 6.1.28 and Corollary 6.1.33 it follows at once that a Banach
algebra does not admit any proper non-trivial ideal if, and only if, it is isomorphic and
isometric to C. This should be compared with Holder’s Theorem 2.1.23.

Definition 6.1.35. An ideal m C A of a Banach algebra A is said to be maximal if it
is proper and it is not strictly contained in any proper ideal of A. In other words, if
m C A is a proper ideal and I C A is a proper ideal extending m, then I = m.

Maximal ideals play a key role in Gelfand representation theory of (commutative) Banach
algebras; thus we shall now give a very important example of maximal ideal.

Example 6.1.36. Consider the Banach algebra C(]0, 1]), and pick a point to € [0, 1].
We will see that

my, = {f € C([0,1]) | f(to) = 0}

is a maximal ideal of C([0,1]), and every maximal ideal of the algebra is of this kind,
for a unique tp. One can easily check that my, is an ideal. Choosing g € C([0, 1]) such
that g(to) # 0, and h € C([0, 1]), we can write

A(t) = Be9(t) + (h(t) — 23 g(1)),

~
emyg,

so that an arbitrary continuous function h is combination of g with an element of my,.
In other terms, the codimension of my, is 1. If we add any element to my,, we get
something of codimension 0, which is the whole C([0,1]). Hence my, is a maximal ideal.
Viceversa, for every maximal ideal m C A, there exists ¢y € [0,1] such that m = my,.
Indeed, assume by contradiction that, for all 7 € [0, 1], there exists a function f; € m
such that f;(7) # 0. Then |f-(7)| > d; > 0 for some ¢,. Consequently, for all 7 € [0, 1],
there is a continuous function f; € C([0,1]), and a neighborhood U, of 7, such that
|f-(t)| > 67 > 0 for every t € U;. The family {U:},¢[o,) is an open covering of the
compact set [0,1], hence there is a finite subcover {Ur, }i=1,.., of [0,1]. Notice that
fr, € m C C(]0,1]), whence f,, € C([0,1]), and f, - f,, € m. It follows that

T o 2 : 2
; Fri(t) - Fr(8) = 2; [fr(®)* > min &7 := 5> 0.

Define f(t) := >0 fr,(t) - fr(t) € m. The inequality |f(t)| > ¢ entails that f(¢) is
invertible, however a proper ideal cannot contain invertible elements by Lemma 6.1.31.
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This shows that there is to € [0,1] such that m = my,. The real number ¢, is unique:
indeed, assume that my;, = m = my, for some distinct tg,¢; € [0, 1]. This means that

m = {f(t) € C([0,1]) | f(to) = 0 = f(t1)}-

By Urysohn’s lemma [28, Theorem 1.5.11], the ideal my, strictly contains m, which
contradicts the maximality of m. The same arguments apply to the study of the maximal
ideals of the Banach algebra C(X), for an arbitrary compact Hausdorff space X.

Remark 6.1.37. Notice that, if I is a proper ideal of the Banach algebra A, then its
closure I is again a proper ideal of A. The set G of invertible elements of A is open by
Proposition 6.1.15, whence A\ G is closed. Since I # A and every element of an ideal is
not invertible by Lemma 6.1.31, we see that I C A\ G. Then I C A\ G, so that T # A.

Corollary 6.1.38. Fvery maximal ideal in a Banach algebra is closed.

Proof. Let m be a proper ideal of a Banach algebra A. Then m is a proper ideal
containing m. By the maximality of m, we conclude that m = m, i.e. m is closed. O

Theorem 6.1.39. Fvery proper ideal of a Banach algebra is contained in some mazximal
1deal.

Proof. Let I be a proper ideal of a Banach algebra A. If I is maximal, there is nothing
to prove. Assuming that I is not maximal, we shall consider the set M of those proper
ideals of A extending I, partially ordered by set-theoretic inclusion. The family M is
non-empty because I € M. If {I,}, is a totally-ordered subset of M, define Iy :={J,, Ia-
It is possible to see that Iy € M and that it is an upper bound for the family {I,},. By
Zorn’s lemma there exists a maximal element m € M, that is a maximal ideal containing

1. O

Corollary 6.1.40. An element of a Banach algebra A is invertible if, and only if, it is
not contained in any mazximal ideal of A.

Proof. The statement is clearly true for the element 0 € A. Further, Lemma 6.1.31
states that proper ideals do not contain invertible elements. In particular, maximal
ideals do not contain invertible elements. On the other hand, suppose that 0 £ =z € A
is not invertible. Then it is contained in some proper ideal I, by Lemma 6.1.32. But
Theorem 6.1.39 entails that there is a maximal ideal m such that x € I C m, which is a
contradiction. O

Definition 6.1.41. A multiplicative functional on a Banach algebra A is a non-zero
function f: A — C satisfying f(zy) = f(z)f(y) for all z,y € A.

Example 6.1.42. Consider the Banach algebra C([0,1]). Fix ¢y € [0, 1] and define the
map fi,: C([0,1]) — C by setting, for all z € C(]0,1]), f,(x) := x(tp). In other words,
ft, is the evaluation at the point ¢g. This is a multiplicative functional, because

Jro(xy) = 2y (to) = x(to)y(to) = fio (%) fto(y)-
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Proposition 6.1.43. If A is a Banach algebra and f: A — C is a multiplicative func-
tional, the following hold.

1. f(e)=1.
1

2. For every invertible element x € A, f(z7') = T

Proof. For item 1, we have f(e) = f(e-e) = f(e)f(e), so that f(e)(f(e) —1) = 0. It
follows that either f(e) =1 or f(e) =0. If f(e) = 0 then, for all x € A, we have

f(z) = fle-x) = f(e) f(x) =0 f(z) =0.

However we assumed that f is a non-zero function. Therefore f(e) = 1. Using the latter
identity in order to prove item 2, we see that

-1y _ _1
In other words, f(z7"') = iGE O
Recall that a functional f: A — C on a Banach algebra (more generally, on a C-vector
space) A is said to be linear if it satisfies

FOz 4+ py) = Mf (@) + pf(y),

for all z,y € A and for all A, p € C. We remark that there exist no linear multiplicative
functionals on the trivial Banach algebra {0 = e}. Indeed, one such functional f would
satisfy 0 = f(0) = f(e) = 1.

Proposition 6.1.44. If f is a multiplicative linear functional on a Banach algebra A,
and x € A is such that ||z| < 1, then |f(x)| < 1.

Proof. Suppose, by contradiction, that f(x) = A, where |A| > 1. Observe that [|{[ < 1,
hence § —e is invertible by Lemma 6.1.16. Consequently, the element x — A e is invertible
because  — Ae = X (£ —e). By Proposition 6.1.43.(2) we know that f(z — Ae) # 0,
whence f(z) — f(Ae) # 0 if, and only if, f(z) # \f(e). However, Proposition 6.1.43.(1)
ensures that f(e) = 1. Thus f(z) # A, a contradiction. O

Corollary 6.1.45. Every multiplicative linear functional on a Banach algebra is bounded,
with norm 1. In particular, it is continuous.

Proof. Let A be a Banach algebra. Denote by B := {x € A | ||z|| < 1} the unit ball of
A, and by B° the interior of B. Then

If]l = sup [ f(z)] = sup [f(z)| <1,
r€EB rEB°
by Proposition 6.1.44. Finally, we notice that e € B and f(e) = 1 by Proposition
6.1.43.(1), whence ||f|| = 1. Since a linear functional is continuous if, and only if, it is
bounded [46, Theorem 2 p. 77], f is continuous on A. O
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Henceforth, we assume that every multiplicative functional on a Banach algebra is linear.
For every such multiplicative functional f: A — C, we can define its kernel as

ker f:={z € A| f(z) =0}.
The structure of the kernel of a multiplicative functional is made explicit in the following
Proposition 6.1.46. If f is a multiplicative functional on a Banach algebra A, then

ker f is a mazimal ideal of A.

Proof. 1t is elementary that ker f is an ideal of A. Moreover, ker f is proper since f is
a non-zero function. Hence there exists © € A\ ker f. Furthermore, the codimension of
ker f is 1, because every element y € A can be written as

— fl) _ )
=t (y e )“7) !
where y — W) 4 e ker f. This shows that ker f is maximal. O

f(z)

For any closed ideal I of a Banach algebra A, define the set A/l := {x+1 |z € A}. The
latter is a Banach space by [50, Theorem 6B]. The family of cosets A/I can be equipped
with the norm

o+ 10 = it |U],
cx+1

forevery x+1 € A/I. fx+1,y+1 € A/I, we can even define a product in the following
way: (x+I)(y+1):=xy+ 1. Then

1 I)|| =
l@+D+Dl=,_ nf_ UV

veo AUV
cx+I, Vey+l

= inf ||U] - mf HVH
Uex+1

N

||$+I||'Hy+1||-
Furthermore, E := eI is a unit for A/I. Indeed, for all x +1 € A/I,

Ex+I)=(e+l)(z+1)=(ex)+1=a+1.
The norm of E does not exceed 1:

IEl=lle+I]= mf [U]<]el=1.
ce+I

In fact, we shall prove that ||E| = 1. Suppose, by contradiction, that [|[E| < 1, i.e.
there exists x € I such that ||e+z| < 1. This means, by Lemma 6.1.16, that x is
invertible; but the ideal I cannot contain invertible elements, by Lemma 6.1.31. Hence
|E|l = 1. The Banach algebra A/I is well-defined, and it is called the quotient of the
Banach algebra A with respect to its closed ideal I.
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Remark 6.1.47. If I C A is a closed ideal, then the quotient map ¢: A — A/I, mapping
x € Atox+ 1€ A/l is continuous because it is clearly norm-decreasing. Further, ¢ is
multiplicative. Indeed, for all z,y € A,

q(zy) = (xy) + I = (z + I)(y + 1) = q(z)q(y).

Lemma 6.1.48. Let I be a closed ideal of a Banach algebra A, let J be a closed ideal
of the quotient A/I, and let q: A — A/I be the quotient map. Then g~ (J) is a closed
ideal of A extending I.

Proof. The fact that ¢~1(J) is an ideal of A is a straightforward computation. Further,
g 1(J) is closed in A, being the preimage of a closed subset under a continuous function
(see Remark 6.1.47). O

Proposition 6.1.46 states that the kernel of a multiplicative functional is a maximal
ideal, so that to every multiplicative functional f we can associate the maximal ideal
ker f. The next result shows that the converse holds: to every maximal ideal m we can
associate a multiplicative functional, namely ¢: A — A/m = C.

Proposition 6.1.49. If m is a maximal ideal of a Banach algebra A, then A/m = C.

Proof. Let q: A — A/m denote the quotient map. By Corollary 6.1.33 and Theorem
6.1.28, it suffices to prove that A does not admit non-trivial proper ideals. Suppose, by
contradiction, that there exists a proper non-trivial ideal J C A/m. By Remark 6.1.37
we can assume, without loss of generality, that .J is a closed ideal. Then ¢~!(.J) is a closed
ideal of A by Lemma 6.1.48. Since J is non-trivial, the ideal ¢~1(.J) strictly contains
the maximal ideal m. Therefore ¢~*(J) = A, i.e. J is improper, a contradiction. O

6.1.4 Gelfand transform

For a Banach algebra A, we agree to denote by fi, the functional associated to the
maximal ideal m of A, as provided by Proposition 6.1.49. In more detail, fy, is obtained
as the composition of the quotient map A — A/m with the isometric isomorphism
A/m = C. The functional fi, is obviously linear, and it is multiplicative by Remark
6.1.47. Now, observe that the correspondence between multiplicative functionals and
maximal ideals, given by f — ker f is surjective: every maximal ideal arises as the
kernel of a multiplicative functional. Indeed, it is immediate to verify that m = ker fi,.
On the other hand, this correspondence is injective. If f g: A — C are multiplicative
functionals satisfying ker f = kerg, then g = Af for some A € C, by [22, Proposition
A.1.4]. Then
1=gle)=Af(e)=A-1= )\

so that f = g. The existence of a bijection between the set of maximal ideals of a Banach
algebra, and the set of multiplicative functionals on the algebra, allows us to define the
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Gelfand transform in two, completely equivalent, ways. We shall work with the family
of multiplicative functionals, denoted by

Y:={f: A— C| f is a multiplicative functional }.

In view of the foregoing discussion, ¥ is called the maximal spectrum (or the mazimal
ideal space) of the Banach algebra A. The set ¥ is contained in the collection W
of all bounded linear functionals on the Banach algebra A. Equipped with pointwise
operations, the space W is a C-vector space, and it is usually called the conjugate (or
dual) space of A. The space W can be turned into a topological space in two different
ways. On the one hand, we have the topology induced by (the metric induced by)
the usual operator norm. On the other hand, we can define the so-called weak-star
topology on the conjugate space W, induced by the product topology on the space
CA. Henceforth, we shall regard ¥ as a topological space with respect to the weak-star
topology. We remark that the maximal spectrum of the trivial Banach algebra {0 = e}
is empty. The following easy result describes the convergence of sequences in the space
W:

Lemma 6.1.50. Let W be the space of bounded linear functionals on a Banach algebra
A, equipped with the weak-star topology. A sequence {fn}nen € W converges to the
element f € W if, and only if, fn(z) = f(x) for all x € A. O

Remarkably enough, we find

Proposition 6.1.51. The mazimal spectrum Y of a Banach algebra is compact, with
respect to the weak-star topology.

Proof. If the Banach algebra is trivial, then its maximal spectrum is empty and there
is nothing to prove. Hence, we shall assume that A is a non-trivial Banach algebra.
Alaoglu’s theorem [50, Theorem 9B] states that, if X is a normed space, then the closed
unit ball in the conjugate space W (with respect to the operator norm) is compact in
the weak-star topology. The maximal spectrum ¥ of A is contained in the unit ball of
W by Corollary 6.1.45, hence it suffices to prove that ¥ is closed in W, because a closed
subset of a compact space is compact. Let {f,}neny C X be a sequence of multiplicative
functionals converging to the functional fy € W. By Lemma 6.1.50, this means that
fn(x) = fo(x) for every x € A. We will prove that fy is a multiplicative functional, so
that fo € X. For all x,y € A we have f,(zy) — fo(zy). Moreover, by Corollary 6.1.8,

fa(zy) = fu(@) - fuly) = fo(z) - foly).
This shows that, for all z,y € A, fo(xy) = fo(z) - fo(y). Thus X is compact. O

Remark 6.1.52. Proposition 6.1.51, as stated above, holds for unital (commutative)
Banach algebras. In general, if a Banach algebra does not admit unit, its maximal
spectrum is a locally compact space, i.e. a space in which every point has a closed
compact neighborhood (see [50, Theorem 19B]).



6.1. Banach algebras 126

Given a Banach algebra A and an element x € A, define the function z: ¥ — C by
setting, for all f € X,
The function Z is continuous, and the map

A A—CE), Ax) ==

is a multiplicative linear operator [22, Theorem 8.9 p. 220]. The operator A is called
the Gelfand transform.

Proposition 6.1.53. If A is a Banach algebra, then the Gelfand transform
A: A— C(X)

has norm 1. In particular, A is a continuous operator.

Proof. By Corollary 6.1.45, for all z € A, we have
[Az| = |IZ]] = sup [z(f)] = sup [f(z)| < 1 [lz]| = [|lz].
fex fex

In other terms, ||Al| < 1. In fact ||A]| = 1, because ||Ae|| = |[1g]] = 1. O
Theorem 6.1.54. If A is a Banach algebra and x € A, then o, = {f(z) | f € £}. In

other words, o, = Z(X).

Proof. If A is the trivial Banach algebra, there is nothing to prove. Recall that, by
definition of the spectrum of an element, A € g, if the element « — A e is not invertible.
By Corollary 6.1.40, A € o, if, and only if, there exists a maximal ideal m C A such that
x—Ae € m. Since every maximal ideal is the kernel of a multiplicative functional, this is
equivalent to the existence of a multiplicative functional f € A such that z— e € ker f.
In turn, f(x — Ae) = 0, if, and only if,

fl@)=fAe)=A-fle)=A-1=A
That is, A € {f(z) | f € £}. O

Example 6.1.55. Consider the Banach algebra C(]0, 1]). For every multiplicative func-
tional h on A there exists a unique ¢y € [0, 1] such that, for all f € C([0,1]), h(f) = f(to)
(cf. Example 6.1.36). Then Theorem 6.1.54 states nothing but

op={f@)[te0,1]} = f([0,1]).
Definition 6.1.56. The radical of a Banach algebra A is the set
RadA:={z e A| f(x) =0 Vfe X}

The Banach algebra A is said to be semisimple if it has trivial radical, i.e. Rad A = {0}.
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Remark 6.1.57. By definition of radical, an element x € A belongs to Rad A if, and
only if, z € ker f for all f € X. Given the bijection between maximal ideals of A and
multiplicative functionals on A, this is equivalent to x belonging to every maximal ideal
of A. Therefore, the radical of A is the intersection of all the maximal ideals of A:

Rad A = ﬂ {m C A |m is a maximal ideal}.

In fact, it is easy to see that Rad A is an ideal of A. Another way of describing the
radical ideal is the following. Observe that, if x € A and f € ¥, then f(z) = 0 if, and
only if, Z(f) = 0. This means that

Rad A = ker A.

The latter fact has an immediate consequence.

Lemma 6.1.58. For every Banach algebra A, the Gelfand transform A: A — C(X) is
injective if, and only if, A is semisimple. O

Therefore, if A is a semisimple Banach algebra, the Gelfand transform provides a Banach
isomorphism between A and

~

A=AA)={zCX)|zec A}

The next formula allows us to compute the norm of the Gelfand transform of an element
x, in terms of the norm of x.

Proposition 6.1.59. For every element x € A of a Banach algebra,
I8 = lim /T
Proof. See [50, Theorem 24A]. O

We conclude with one more characterisation of a semisimple Banach algebra A. We
agree to say that a set T' of bounded linear functionals on A is total if the only element
x € A satisfying f(z) =0, for all f € T, is x = 0. From the very definition of radical, it
follows

Lemma 6.1.60. A Banach algebra is semisimple if, and only if, its mazximal spectrum
31 is a total set. Ol

6.1.5 Involution

Our main example of a Banach algebra is C([0,1]) or, more generally, C(X) for some
compact Hausdorff space X. If f: X — C is a continuous function, it is promptly
recognised that its complex conjugate f: X — C is again a continuous function. We
recall that the function f is defined, for all x € X, by f(z) := ﬁ The complex
conjugation has an analogue in many other Banach algebras, leading to the notion of

involution.



6.1. Banach algebras 128

Definition 6.1.61. Let A be a Banach algebra. An operation *: A — A is called an
involution if it satisfies the following properties, for all A € C and for all z,y € A.

1. (z+y) =z"+y"
2. (\z)* = A\

*

- Az
. (zy)* =yt
() =

w

4

x*)

Example 6.1.62. Let us consider the algebra B(H) of all the bounded operators from
a Hilbert space H to itself. This is a non-commutative Banach algebra, but nevertheless
it admits an involution mapping an operator D € B(H) to the adjoint operator D*
defined, for every xz,y € H, by

(Dz,y) = (z,D"y).

Definition 6.1.63. Let A, B be Banach algebras with an involution. A Banach homo-
morphism f: A — B is a Banach *-homomorphism if, for all x € A, f(z*) = f(x)*.

Henceforth, we assume that any Banach algebra is endowed with an involution.

Definition 6.1.64. An element « € A of a Banach algebra is self-adjoint, provided that
it is fixed by the involution, i.e. z* = .

Proposition 6.1.65. If A is a Banach algebra and x € A, then the following hold.

1. x+z*, i(x — x%), and xx* are self-adjoint elements.

2. There exist unique self-adjoint elements u,v € A such that x = u + iv.

Proof. Ttem 1 is proved by means of straightforward computations.
(r+az")' ="+ ="+ =0+,

(i(x — %) =i(x — 2)* = —i(a* — ™) = —i(a" — 2) = i(x — 2¥),

In order to prove item 2, define
u:=3(z+2%), and v:=—L(z —z%).

The elements u, v are self-adjoint, indeed

:1:*))3k :g(x +a")t = %(aerx*),

—~
D=
8
+

(~i(z—a")" = —j(ilz - 2")" = —j(i(z — 2")) = ~§(z —z").
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Moreover,
utiv=3(z+a")+3(x—2") =3+ 3z =1

To prove the uniqueness of u and v, suppose that u’, v" are self-adjoint elements satisfying
u+iv=x = +1iv'. Then

u—iv=(u+iv) =" =W + i) =u —iv,
and consequently 2u = x + z* = 24/, so that u = u’. We conclude that v = v’ also holds.
Self-adjoint elements in a Banach algebra play the same role of real numbers in C. [

In the following, we state some more properties of the involution operation.

Proposition 6.1.66. If A is a Banach algebra, the following hold.

1. The unit e € A is a self-adjoint element.

2. For all x € A, x is invertible if, ad only if, x* is invertible. In this case, we have
(x*)—l — (x—l)*'

3. Forallz € A, 04 =75 :={\€C| )€ oy}

Proof. Ttem 1 holds, since

*

e=(e")"=(ee")" =e"e™ =e"e=¢".
Regarding item 2, assume that there exists 27! € A. Then
e —e* = (5(35671)* — (xfl)*x*’

hence x* is invertible and (z*)~! = (x71)*. On the other hand, suppose that there exists

(x*)~1 € A. It follows

so that z is invertible. Lastly, in order to prove item 3, we shall equivalently show that
A ¢ o, if, and only if, A ¢ 7.+, for all A € C. Recall that A ¢ o, if, and only if, z — Ae is
invertible. By item 2, this happens precisely when (z — Ae)* is invertible, in which case
((x—Xe)) ™t = ((x — Xe)™!)*. Now,

(x —Ae)* =2 — Xe* =2* — Ne.
Hence there exists ((x — Ae)*)~! if, and only if, X ¢ o+ if, and only if, \ ¢ 7. O

Proposition 6.1.67. If A is a semisimple Banach algebra, then the involution operation
on A is continuous, i.e. x, —  entails x; — x*.

The proof of the proposition above requires the following
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Lemma 6.1.68. Let A be a Banach algebra, and let h € ¥ be a multiplicative functional
on A. Then the functional

p: A= C, ¢(x):=h(z*)

18 multiplicative.

Proof. The operator ¢ is linear, because

¢(x +y) = h((z +y)*) = h(z* + y*) = h(z*) + h(y*) = h(z*) + h(y*) = ¢(z) + (y),

and, for all A € C,

¢(Az) = h((Az)*) = h(Az*) = Ah(z*) = Ah(2*) = A(z).

It is bounded since h is a bounded operator, and ||¢|| = ||h|| = ||k||. Finally, ¢ is
multiplicative:

o(zy) = h((zy)*) = h(y*z*) = h(y*)h(x*) = h(y*) - h(z*) = h(z*) - h(y*) = d(z)p(y).

Proof of Proposition 6.1.67. By the Closed Graph theorem [22, Theorem 12.6 p. 91],
every closed linear operator defined on a Banach space is bounded. Hence, to prove
the boundedness of the involution operation * : A — A, which is equivalent to its
continuity (see [46, Theorem 1 p. 96]), it suffices to show that it is closed. In other
words, we shall prove that, if x,, =+ x and =], — y, then y = z*. Pick a multiplicative
functional h € ¥, and consider the functional ¢(z) := h(z*). By Lemma 6.1.68 ¢ is
bounded, hence continuous. This means that, if x,, — x, then lim,,_,o ¢(z,,) = ¢(z), i.e.

limy, o0 (z%) = h(z*). However, since h is continuous by Corollary 6.1.45, and z — vy,
we know that lim, o h(x}) = h(y). Therefore h(z*) = h(y). It follows that, for all
h €3, h(z*) = h(y), i.e. h(z* —y) = 0. Since ¥ is total by Lemma 6.1.60, we conclude
that * —y =0, that is * = y. 0

6.2 Gelfand-Neumark duality

Definition 6.2.1. A commutative unital C*-algebra is a commutative unital Banach
algebra A with an involution satisfying, for all x € A, the C*-identity

lzz*[| = [l

Unless otherwise stated, by a C*-algebra we understand a commutative unital C*-
algebra.
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Example 6.2.2. The fundamental example of C*-algebra is the Banach algebra C(X),
where X is a compact Hausdorff space and the involution is given by complex conjuga-
tion. The C*-identity is satisfied for all f € C(X):

LFF40 = NFFI = NP1 = sup | £(2)? = sup |f()] - sup | £ ()] = |1 - [ ] = [1£]*-
reX zeX reX

In fact, the Gelfand-Neumark representation theorem states that every (commutative,
unital) C*-algebra is of the kind C(X) for some compact Hausdorff space X. Further,
there is a canonical choice for the space X: this is the maximal spectrum ¥ of the
algebra.

Lemma 6.2.3. Let A be a C*-algebra, and let u € A be a self-adjoint element. Then,
forall f € X, f(u) € R. In other words, o, C R.

Proof. Let «a, 8 € R be such that f(u) = a + Bi. We shall prove that 5 = 0. Upon
considering the element z = u + ite € A, where t € R, we have

2 =ut 4 ite* =u —ite,
and
22" = (u+tite)(u—ite) =u® +t?e® =u? +tle.
Now, consider the real number |f(2)|>. On the one hand,
[f(2)P = [f(u+ite)? = |f(u) + h(ite)]” = |f(u) +ith(e)|”

= |f(u) +it- 1) = |f(u) +it]* = |a+ Bi + it]* = |a + (B + t)i|?
=+ (B+t)2=a+ 52 +268t + 12

On the other hand, |f(2)? < ||z||* by Corollary 6.1.45, and
212 = llez*[l = llu® + e || < [l + [[2e |l = u?] + ¢

Therefore a? + 32 + 28t + 2 < |[u?|| + 2, i.e. a® + B2 + 28t < |[u?|. Since u is fixed,
the right-hand side of the inequality is constant, while the left-hand side depends on
t € R. If we suppose by contradiction that g # 0, then the inequality does not hold for
t — 400 (if > 0) or for t - —oo (if § < 0). Hence g = 0, that is f(u) € R. O

Lemma 6.2.4. If A is a C*-algebra, then the Gelfand transform
A: A— C(X)

s an injective isometric *-homomorphism.

Proof. We must prove that A is an injective isometric homomorphism of complex alge-
bras, preserving the involution. It is elementary that it is a homomorphism of complex
algebras; in particular, it preserves the unit by Proposition 6.1.43.(1). By the very defi-
nition of the Gelfand transform, A preserves the involution if, and only if, for all z € A,

—

xz* = z. By Proposition 6.1.65 we can find self-adjoint elements u,v € A such that
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z = u+v. Then z* = u* + #v* = u — v and, since A is a linear operator, TF =1 — iD.
We remark that Lemma 6.2.3 entails that, if © € A is a self-adjoint element, then

for all multiplicative functionals f € 3. In other terms, @ = u for any self-adjoint
element u € A, whence

o~ J—
T~

=U+10 =

e~

T*r=U—1

&)

Stating that the Gelfand transform A: A — C(X) is an isometry, means that, for all

r € A, |Az|| = ||z||. Assume that y € A is self-adjoint; we claim that ||y%"| = ||y[*",
for all n € N. If n = 1, then ||y?|| = ||lyy*|| = ||y||>. For an arbitrary positive integer n,
we have [|y2"|| = [[(y*")?||. Observe that the element 32" ' is self-adjoint, since

n—1\* %\ 2n—1 n—1
(y2 ) =" =y
2n—1 21 2n—1 2 . - .
Thus [[(y* )| = |ly* "||* and, by the inductive hypothesis,

n—1 n—1 2 n
Il 12 = () =l
Now, Proposition 6.1.59 shows that
1Ayl = 131 = Jim /T = tim /[ = lim /[0l = ).

If x € Ais an arbitrary element, we obtain a self-adjoint element by considering y := xx*.
In this case, ||y|| = ||y|| if, and only if,

lza*|| = llz2*|| = |72 = |21 = [121°] = 1211,

where we used the fact that A is a multiplicative operator. It follows that [z|? =
|lza*|| = ||Z]|?, whence
]l = NIzl = [| Az

To conclude, it suffices to show that the A is injective. Let x € A satisfy Ax = 0 or,
equivalently, ||Az| = 0. Since A is an isometry, ||z|| = ||Az| =0, i.e. z =0. O

Then, Lemma 6.1.58 entails

Corollary 6.2.5. Every C*-algebra is semisimple. O

The following representation result, due to Gelfand and Neumark [32, Lemma 1], is
central in the theory of C*-algebras.

Theorem 6.2.6 (Gelfand-Neumark). If A is a C*-algebra, then the Gelfand transform
A:A—C(X)

18 an isometric *-isomorphism.
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Proof. Lemma 6.2.4 states that the operator A is an injective isometric *~homomorphism.
Now, we shall prove that it is surjective. In fact, it suffices to show that the range

A :=A(A) is dense in C(X), since an isometric linear operator between Banach spaces
has closed range. To prove the latter claim, assume that Az, — y in A. Then,

[Azn — Azm|| = [[A(zn — 2m)|| = [lzn — 2m]-

The sequence {x,, } nen is convergent in A, hence there exists € A such that z,, — z. By
the continuity of the operator A, we have Ax,, — Ax. Therefore y = Az, and the range A
is closed. In order to prove that A is dense in C(X), we check that the hypotheses of the
Stone-Weierstrass theorem [38, Theorem 7.34] are satisfied. Firstly, if f € A then fe X,
indeed fA’: ;‘: (since A preserves the involution operation). The constant function 1y
belongs to Abecause Iy = Ae=¢ (since A preserves the unit). To see that A separates
points of 3, suppose that fi, fo € ¥ are distinct multiplicative functionals. This means,
in particular, that there exists z € A such that zZ(f1) = fi(x) # fa(x) = Z(f2), i.e. the
continuous function Z separates the points f; and f5. Lastly, A is clearly closed under
addition and scalar multiplication, and it is closed under multiplication because A is a
multiplicative operator (see [22, Theorem 8.9 p. 220]). O

Before proceeding to the next step, that is giving a functorial formulation of Gelfand-
Neumark representation for C*-algebras, we provide a brief account of the automatic
continuity of some maps between classes of Banach algebras. Recall that a Banach
*-homomorphism is a function between Banach algebras (with involution) that is a non-
extensive complex algebra homomorphism, preserving the involution. If the condition
that the function be non-extensive is dropped, we speak of a *-homomorphism. Finally,
by a homomorphism between Banach algebras (possibly with involution), we understand
a complex algebra homomorphism. The first result is

Lemma 6.2.7. Let A be a (possibly non-commutative) Banach algebra, and let B be
a semisimple Banach algebra. Then every homomorphism f: A — B is automatically
continuous.

Proof. See [23, Proposition 5.1.1]. O

Combining with Corollary 6.2.5, we see that every homomorphism between C*-algebras
is continuous. In particular, every *-homomorphism between C*-algebras is continuous.
In fact, the following stronger result holds.

Proposition 6.2.8. Fvery *-homomorphism between C*-algebras is non-extensive, i.e.
1s a Banach *-homomorphism.

Proof. See [22, Proposition 1.11 p. 234]. O

Let us denote by C* the category that has (complex, commutative, and unital) C*-
algebras as objects, and *-homomorphisms (=Banach *-homomorphisms, by Proposition
6.2.8) as morphisms. As usual, KHaus denotes the category of compact Hausdorff spaces
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and continuous maps. The following easy fact was observed in Example 6.2.2. Here,
recall that C(X) stands for C(X, C), the family of all continuous C-valued functions on
X.

Lemma 6.2.9. If X is a compact Hausdorff space, then C(X) := C(X) is a C*-algebra.
O

The next result is elementary.

Lemma 6.2.10. If p: X — Y is a continuous function between compact Hausdorff
spaces, then

C(p) :=—o0p: C(Y) = C(X)

18 a *-homomorphism. O

It can be easily seen that

Corollary 6.2.11. C: KHaus — C* is a contravariant functor from the category of
compact Hausdorff spaces to the category of C*-algebras. O

In the converse direction,

Lemma 6.2.12. If A is a C*-algebra, then S(A) := ¥4 is a compact Hausdorff space,
where ¥ 4 denotes the maximal spectrum of A.

Proof. The space X 4, equipped with the weak-star topology, is compact by Proposition
6.1.51. The complex field C is Hausdorff, so is the product C#, with respect to the
product topology. Every subspace of a Hausdorff space is itself Hausdorff, whence 3 4
is a Hausdorfl space. O

Lemma 6.2.13. If f: A — B is a *-homomorphism between C*-algebras, then
S(f):=—of:¥p—> 3%y

18 a continuous map.

Proof. Assume that the sequence {hy,}neny € Xp converges to the multiplicative func-
tional hg € ¥p. We must prove that the sequence {S(f)(hn)}nen € X4 converges to
the element S(f)(ho) € ¥ 4. By Lemma 6.1.50 this happens if, and only if

S(f)(hn)(@) = S(f)(ho)(x)

for all x € A, that is
(hn © f)(x) = (ho o f)(x).

However, by hypothesis we know that h,(y) — ho(y) for all y € B, whence, for all
T € A,

hn(f(x)) = ho(f(2))-
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It is easy to verify that

Corollary 6.2.14. §: C* — KHaus is a contravariant functor from the category of
C*-algebras to the category of compact Hausdorff spaces. Ol

Proposition 6.2.15. There exists a natural isomorphism
o IdkHaus — S o C,

where IdkHaus @S the identity functor on the category KHaus.

Proof. Let X be a compact Hausdorff space, and let o € X. It is clear that the map
hzy: C(X) — C defined by hy(f) := f(zo), for all f € C(X), is a multiplicative
functional. In other words, hy, € ¥¢(x). Define the map

px: X = Boxy, px (o) = Iy

In view of the bijection between maximal ideals and multiplicative functionals, Example
6.1.36 entails that px is bijective. Since the latter is a continuous function from a
compact space to a Hausdorff space, it is closed. To prove that px is a homeomorphism,
it is enough to show that it is continuous. Assume that {z,},eny € X is a sequence
converging to xgp € X. Then the sequence {jx (75)}nen € X¢(x) converges to pux (7o) if,
and only if, hy, — hg,. By Lemma 6.1.50, this happens if, and only if, hy, (f) — hayo(f)
for all f € C(X), i.e. f(zn) — f(xo). However, this is true because f is continuous.
We conclude that px is a continuous map. For each compact Hausdorff space X, let
(1)x := px be the component of x at X. We have proved that every such component
is an isomorphism in the category KHaus, therefore what is left to prove is that u is
a natural transformation. That is, for every continuous function ¢p: X — Y between
compact Hausdorff spaces, the following diagram commutes.

YV — 5 Yaw)

Upon observing that, for every multiplicative functional f € X¢(x),

(SeC)@)(f) = fol(=ow),

we see that, for all zg € X,

((S§oC)(p) o px)(x0) = (S 0 C)(¢p) (P
= hay o (= o).

Now, for every multiplicative functional g € X¢y,

hao © (= 0 9)(9) = hay(g © ¥)
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= (g0 ¥)(z0)
= g(¢(0))
= Ng(a0)(9)

= (py 0 ©)(0)(9)-

(
)

In other words, (SoC)(p)oux = uy o ¢. O

Proposition 6.2.16. There exists a natural isomorphism
v:Idex > Co S,

where Idc+ is the identity functor on the category C*.

Proof. 1f A is a C*-algebra, recall by Theorem 6.2.6 that the Gelfand transform
A A A— C(E A)

is a *-isomorphism. Define the component of v at A as the isomorphism (v)4 := A4 in
the category C*. To prove the statement it suffices to show that v is a natural transfor-
mation, i.e. for every *-homomorphism of C*-algebras f: A — B, the next diagram is

commutative.
A o)

f l(COS)(f)

We remark that, for every continuous function g € C(X4),

(CoS)(f)(g) =go(—of).

Then, for all z € A,

We conclude that (CoS)(f)oAs=Apof. O

We have proved that C and S are quasi-inverse functors:



6.2. Gelfand-Neumark duality 137

Theorem 6.2.17 (Gelfand-Neumark duality). The category KHaus of compact Haus-
dorff spaces is dually equivalent to the category C* of (complex, commutative, and unital)
C*-algebras via the functors C and S. O

Remark 6.2.18. Consider a complex Banach algebra with involution. Upon substituting
the complex field C with the real field R, we obtain what is called a real Banach algebra
with involution. Now, define a real C*-algebra to be a real Banach algebra A with
involution such that, for all x € A,

|zz*|| = ||=||?, and e+4zx* is invertible.

Unlike the complex case, the invertibility of the elements 14+xx* does not follow from the
other axioms. If the involution operation is allowed to be non-trivial, then every complex
C*-algebra is a real C*-algebra. For instance, if we forget scalar multiplication by non-
real numbers, the field C is a real C*-algebra with complex conjugation as involution.
However, if we require that the involution operation is the identity map, then C is not
a real C*-algebra anymore, because the element

1+ =1+i=0

is not invertible. An example of real C*-algebra, with trivial involution, is provided
by the family C(X,R) of all continuous R-valued functions on some compact Hausdorff
space X . Henceforth, by a real C*-algebra, we understand a real C*-algebra with trivial
involution. For this class of algebras, an analogue of Gelfand-Neumark representation
theorem holds. In fact, every real C*-algebra A is isomorphic and isometric to a real
C*-algebra C(X,R), for some compact Hausdorff space X [36, Theorem 11.5]. As in the
complex case, X can be taken to be the maximal spectrum of A. This representation
theorem gives rise to a duality between KHaus and the category of real C*-algebras and
Banach homomorphisms. Composing with Gelfand-Neumark duality between KHaus
and C*, the category of real C*-algebras is seen to be equivalent to the category of
complex C*-algebras. The functor from the former category to the latter, mapping a
real C*-algebra to a complex C*-algebra, provides a complezification of an arbitrary real
C*-algebra (see [36, p. 71]). Going back to the complex case, we remark that Gelfand-
Neumark duality can be seen as a specific duality between algebra and geometry: it
relates a certain class of commutative algebras with a class of spaces. From this point of
view, we are lead to think of compact Hausdorff spaces as commutative spaces. Conse-
quently, the dual of the category of (possibly non-commutative) C*-algebras identifies a
class of mathematical objects that can be regarded as non-commutative spaces. For this
reason, the study of the dual of the category of (possibly non-commutative) C*-algebras
goes under the name of non-commutative geometry. The latter is a topic of great in-
terest in mathematics: sophisticated techniques have been developed, and deep results
have been proved in this regard. However, a concrete realisation of the dual category at
hand, is still lacking.
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6.3 Monadicity of C*

In 1971 Negrepontis showed [58] that the category C* of (complex, commutative, and
unital) C*-algebras is monadic over Set with respect to the wunit ball functor, mapping
a C*-algebra A to the set

fweAllal <1}.

Remarkably, Van Osdol proved in [66] that the obvious extension of the latter functor to
the category of (possibly non-commutative and non-unital) C*-algebras is monadic. In
the same work, van Osdol showed that the unit ball functor from the category of (pos-
sibly non-commutative, unital) C*-algebras is monadic. Concerning the latter category,
Pelletier and Rosicky proved in [59] that it is monadic over Set with respect to two more
functors: the hermitian unit ball functor, and the positive unit ball functor. If A is a
(possibly non-commutative) C*-algebra, the hermitian unit ball functor associates to A
the set
{zedA|l|z]| <1, x=2a"}.

The name is due to the fact that self-adjoint elements are also called hermitian elements.
To define the positive unit ball functor, we need to introduce the notion of positive
element in a C*-algebra. In fact, this notion will lead to the definition of a partial order
on an arbitrary C*-algebra.

Notation 6.3.1. An order in a C*-algebra can be defined in a natural way, for both
commutative and non-commutative C*-algebras. In this section we shall restrict to
commutative C*-algebras only when necessary, hence by a C*-algebra we mean a possibly
non-commutative unital C*-algebra. When the commutativity property is assumed, we
state it explicitly.

A generalisation of Lemma 6.2.3 to the non-commutative case is needed. Here the
spectrum of an element is defined as in the commutative case.

Lemma 6.3.2. Let A be a C*-algebra, and let x € A be a self-adjoint element. Then
o CR.

Proof. See [36, Proposition 4.3]. O

Notation 6.3.3. The symbol R will denote the set of non-negative real numbers.

Definition 6.3.4. Let A be a C*-algebra. A self-adjoint element x € A is called positive,
written as x > 0, if o, C Ryy.

Example 6.3.5. Consider the commutative C*-algebra C(X), for some compact Haus-
dorff space X. An easy generalisation of Example 6.1.55 shows that, for all f € C(X),
or = f(X). Therefore f is a positive element of C(X) if, and only if, f(X) C Ry if,
and only if, f is a positive continuous R-valued function on X.

Positive elements in a C*-algebra can be characterised in different ways.

Proposition 6.3.6. If A is a C*-algebra and © € A is a self-adjoint element, the
following are equivalent.
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1. x > 0.
2. There exists a self-adjoint element y € A such that x = y°.

3. There exists an element z € A such that x = zz*.

Proof. See [22, Theorem 3.6 p. 241]. O

Definition 6.3.7. Let A be a C*-algebra, and let z,y € A. We set x < y if x,y are
self-adjoint elements and y — x > 0.

If A is a C*-algebra, then the positive unit ball functor maps A to the set
{reAl|l|z|]| <1, x>0}

Example 6.3.8. Let X be a compact Hausdorff space, and consider the commutative
C*-algebra C(X). It is clear that the unit ball of C(X) is the set of all functions that
take values in the complex unit disc {A € C | |A| < 1}, while its hermitian unit ball is
the set of functions whose range is contained in the real interval [—1,1]. Finally, the
positive unit ball of C(X) is the family of functions taking values in the unit interval
[0, 1].

It is easy to see that every *-homomorphism between C*-algebras is order-preserving
(but, in general, not order-reflecting):

Lemma 6.3.9. Let f : A — B be a *-homomorphism between C*-algebras, and let
x,y € A be self-adjoint elements. If x <y, then f(x) < f(y).

Proof. If © < y, then Proposition 6.3.6 entails that there exists a self-adjoint element
z € A such that 22 = y — 2. Now,

where f(z) € B is self-adjoint since f(2)* = f(z*) = f(2). In other words, f(z) <
fy)- O

Gelfand-Neumark duality (see Theorem 6.2.17) states that the category C* is dually
equivalent to KHaus via the functor §. On the other hand, by Theorem 4.4.25, the
category KHaus is dually equivalent to the category A of d-algebras, which form a variety
of infinitary algebras, via the functor C. Given the correspondence between categories
that are monadic over Set and varieties of possibly infinitary algebras (see [49], or [54,
Theorem 5.40 p. 66, Theorem 5.45 p. 68]), it follows at once that C* is monadic over
Set with respect to the composition of the underlying-set functor U: A — Set with the
equivalence C 0o §: C* — A. The aim of this section is to give a direct proof of the
monadicity of the category C* of commutative C*-algebras, with no reference to the
dual category of KHaus. The key fact is that the monadic functor U o C o §: C* — Set
is naturally isomorphic to the positive unit ball functor.
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Recall that, if x is an element of a commutative C*-algebra, then Z: ¥4 — C represents
the Gelfand transform of z, defined on the maximal spectrum X 4 of A.

Lemma 6.3.10. Let A be a commutative C*-algebra, and let x € A. Then x is self-
adjoint if, and only if, T is R-valued.

Proof. If the element = € A is self-adjoint, then the continuous function z: ¥4 — C is
clearly R-valued by Theorem 6.1.54 and Lemma 6.2.3. In the opposite direction, if Z is
R-valued, then

—

T*=T=7T

2)l

because the Gelfand transform is a *-homomorphism. The latter is also injective, hence
we conclude that z* = . O

The next result states that the Gelfand transform of a commutative C*-algebra, re-
stricted to the family of self-adjoint elements, is order-preserving and order-reflecting.

Lemma 6.3.11. Let A be a commutative C*-algebra. If x,y € A are self-adjoint ele-
ments, then
x <y if, and only if, T < 7.

Proof. One of the two directions follows at once from Lemma 6.3.9, because the Gelfand
transform is a *-homomorphism. Conversely, assume that z,y € A are self-adjoint
elements satisfying A4(z) < Aa(y). Then there exists a self-adjoint element f € C(X4),
i.e. a continuous R-valued function, such that

Aaly — ) = Aaly) — Aa(z) = f>.

Recall that the map A4 is surjective by Theorem 6.2.6. If z € A satisfies Ag(z) = f,

2

then the injectivity of A4 entails that y — 2 = z°. The element z is self-adjoint by

Lemma 6.3.10, therefore x < y by Proposition 6.3.6. O

Given a C*-algebra A, denote the set of self-adjoint elements of A by
Hp:={z € A|z" =z}

Lemma 6.3.12. For every C*-algebra A, H4 is a partially ordered abelian group. More-
over, Hy is norm-closed in A.

Proof. 1t is clear that, with respect to the sum of A, H4 is a partially ordered abelian
group. We claim that the map *: A — A is an isometry. Indeed, for all x € A,
lz)|? = ||lzz*|| < ||z|| - ||z*||, that is ||«]| < ||z*|]. The latter inequality holds for the
element x := z* as well, therefore ||z*|| < ||z**|| = ||z||. Then the involution function
is continuous, and so is the map f: A — A defined by f(z) := z — 2*. Therefore,
H4 = f71(0) is closed in the topology induced by the norm. O

Proposition 6.3.13. If A is a commutative C*-algebra, then H4 is a unital £-group.
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Proof. The set Hy is a partially ordered abelian group by Lemma 6.3.12. Now we prove
that, for every pair of elements x,y € H4, there exist a greatest lower bound z Ay € Hy
and a least upper bound z Vy € H4. Consider the element w := T A y. It is elementary
that w € C(X4) and it is R-valued. By Theorem 6.2.6, the Gelfand transform A4: x — 7
is surjective, so that there exists z € A such that Z = w. The element z belongs to H4
by Lemma 6.3.10, and it is clear from Lemma 6.3.11 that z is the greatest lower bound
for the pair x,y. In a similar fashion, it is possible to define the least upper bound of x
and y. The translation invariance property (see item 3 in Definition 2.1.1) is easily seen
to hold, thus H 4 is an £-group. Notice that, if e is the unit of A, then e is a strong order
unit for H4. Indeed, we know that € is the constant function 1y, of value 1 on ¥4, and
the latter is a strong order unit for the ¢-group C(X4,R). Pick € Hy, and consider
its Gelfand transform z € C(X4,R). Then there exists n € N such that z < ne: this is
equivalent, by Lemma 6.3.11, to x < ne (here ne = ne by the linearity of the Gelfand
transform). This proves that Hy is a unital ¢-group. O

Remark 6.3.14. In fact, H, is a vector lattice (=lattice-ordered real vector space), since
it is closed under multiplication by real numbers. Indeed, if A € R and x € Hy, then
(A\z)* = Az* = A

Proposition 6.3.13 states, in particular, that the set of self-adjoint elements of a com-
mutative unital C*-algebra is a lattice. Remarkably, in 1951 Sherman proved

Theorem 6.3.15. If A is a (possibly non-unital) C*-algebra, then A is commutative if,
and only if, Hy is lattice-ordered.

Proof. See [63, Theorem 2]. O

In the unital case, a generalisation of the previous theorem can be proved by means of the
Riesz decomposition property. Recall that a partially ordered vector space V satisfies
the Riesz decomposition property if, for all positive elements f,g1,g92 € V satisfying
f < g1 + go, there exist positive elements fi, fo € V such that f; < g1, fo < g2, and
f = f1+ fo. It is easy to see that

Lemma 6.3.16. If A is a (unital) commutative C*-algebra, then Hy satisfies the Riesz
decomposition property.

Proof. Proposition 6.3.13 and Remark 6.3.14 show that H4 is a vector lattice. If
x,y1,y2 € A are positive elements satisfying < y; + y2, then Z, 91,92 € C(X4) are
positive R-valued functions satisfying = < 91 + y2 by Lemma 6.3.11. Define

fi:=ZA, and fo :=2 — f1.
The elements f1, fo € C(X4) are positive, and

h+fe=@N0)+T—-@A0) =1
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We shall prove that f; < g1 and fo < 3. The first inequality is obvious, for the second
one assume, by contradiction, that there exists p € ¥ 4 such that g2(p) < fa(p). Then

72(p) < fa(p) = 2(p) — f1(p) = Z(p) — min (Z(p), y1(p))-

However, min (Z(p), 71(p)) = 91(p), for otherwise g2(p) < 0 that cannot be. Hence

~

71(p) + 92(p) < 91(p) + Z(p) — min (Z(p), 41(p)) = v1(p) + Z(p) — v1(p) = Z(p),

that is a contradiction because T < 91 + ¥2. The Gelfand transform is surjective by
Theorem 6.2.6, thus there exist 21, 20 € A such that z; = f; and Z3 = f5. Lemma 6.3.11,
along with the injectivity of the Gelfand transform, entail that the elements z;, 2o satisfy
the Riesz decomposition property. O

More generally, it can be proved that the condition above is sufficient.
Theorem 6.3.17. A (unital) C*-algebra A is commutative if, and only if, Ha satisfies
the Riesz decomposition property.

Proof. See [29, Theorem 1]. O

Lemma 6.3.18. If f: A — B is a *-homomorphism between commutative C*-algebras,
then
H(f) == fiju, : Ha — Hp

18 a unital £-homomorphism.

Proof. Tt is elementary that the map H(f) is well-defined, since f preserves the involution
operation, and that it is a group homomorphism. We check that H(f) is also a lattice
homomorphism. Since the Gelfand transform Ap: B — C(Xp) is injective, for all
x,y € Hy, the condition f(z) A f(y) = f(x Ay) is equivalent to

Since f(z) A f(y) is defined as the unique element of Hp such that f(x) A f(y) = f(z) A
f(y), (6.1) is equivalent to

— - o —

(f(@) A f()(h) = f(x Ay)(h) forall heXp.

In turn, this happens if, and only if,

B(f(2)) A(f(y)) = h(f(x Ay)) for all h € Sp. (6.2)

However, it is clear that ho f € 34, so that

h(f(z)) AR(f(y)) =Z(ho f)Ag(ho f) =z Ay(ho f) = h(f(z Ay)),
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since z Ay is the unique element of H satisfying & A y = ZAF. Then (6.2) is proved. The
equality f(x Vy) = f(x)V f(y) can be proved in a similar way. Finally, it is elementary
that the £-homomorphism H(f) is unital. O

It is easy to see that compositions and identity are preserved, hence:

Corollary 6.3.19. H: C* — (Grp,, mapping a commutative C*-algebra A to the unital
£-group H of its self-adjoint elements, is a functor. O

By composing with the functor I': ¢Grp, — MV (see Section 2.3), we obtain a functor
By :=ToH: C"— MV

that sends a commutative C*-algebra A, with unit e, to the MV-algebra with underlying
set
{reAla"=2 0<x<e}

Observe that every positive element is self-adjoint by definition. Furthermore, a positive
element = € A satisfies z < e if, and only if, ||z|| < 1. Indeed, by Lemma 6.3.11, z < e
if, and only if ¥ < 1y, if, and only if,

sup Z(f) < sup 1s,(f).

feXa fela
Upon recalling that the Gelfand transform is an isometry by Theorem 6.2.6 and Remark
6.1.10, the latter inequality is equivalent to ||z|| = ||Z|| < 1. In other words,

{reA|z"=2 0<z<e}l={zecAl|z| <1, >0}

This shows that the positive unit ball of a commutative C*-algebra admits a structure
of MV-algebra. We will now prove that, in fact, it admits a structure of §-algebra.

Remark 6.3.20. Notice that the set of positive elements in the unit ball of a C*-algebra
A is closed under multiplication by real numbers in [0, 1]. Indeed, if A € [0,1] and x € A
belongs to the positive unit ball, then

[Az]] = [A] - flz]] < flz]] < 1.

Further, by Proposition 6.3.6 there exists a self-adjoint element y € A such that z = 3.
Then, it is elementary that the element v/ Ay is self-adjoint and satisfies (v Ay)? = Az.
Again by Proposition 6.3.6, we conclude that Ax is a positive element in the unit ball.

Let A be a commutative C*-algebra, and consider the MV-algebra B, (A). Define an
infinitary operation d: By (A) — B4 (A), for all the countable sequences {z,}neny C
BJr(A)a as

00
Ty

20"

i=1

(%) :=
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In order to prove that § is a well-defined operation, observe that i belongs to By (A),
for all 7 € N, by Remark 6.3.20. Moreover,

n o0

2 =25 20
i=1 =1

because the set of positive elements of a C*-algebra is a closed cone [22, Proposition 3.7
p. 241]. To conclude, it suffices to show that the norm of ||§(Z)|| does not exceed 1:

oo
T
>3
i=1

Proposition 6.3.21. If A is a commutative C*-algebra, then B (A) is a d-algebra.

n

< Jim 2

=1

n
2t

= lim

T
7
n—oo 2

n
. 1
n—oo
i=1 i=1

Proof. Upon defining the infinitary operation § on By (A) as shown above, the proposi-
tion follows at once by Theorem 6.2.17 and Proposition 4.4.4. 0

In view of the foregoing result, we adopt the notation By : C* — A.
With reference to Theorems 4.4.25 and 6.2.17,

Corollary 6.3.22. The functor By: C* = A is naturally isomorphic to the equivalence

CoS: C" = KHaus — A.

Proof. Let A be a commutative C*-algebra. By Theorem 6.2.6, we know that there
exists an isomorphisms A = C(X 4, C) in the category C*. Therefore,

Bi(4) =B4(C(24,0))
={feCELO[flI<1, f=0}
={f € CE4C) | f(Xa) C[0,1]}
= C(X4,10,1]).

This shows that there exists an isomorphism p4: B4 (A4) — C o S(A) in the category
A. Define u: B1 — C o S by setting, for every commutative C*-algebra A, (u)4 := pa.
Every such component is an isomorphism in A. The proof of the fact that u is a natural
transformation is left to the reader. It is clear that 4 is nothing but the restriction of
the Gelfand transform, sending a € B4 (A4) toa € Co S(A) = C(X4,[0,1)). O

Theorem 6.3.23. The category C* of commutative (unital) C*-algebras is monadic over
Set with respect to the positive unit ball functor.

Proof. Denote by U, : C* — Set the positive unit ball functor, mapping a commutative
C*-algebra A to the set
freAllz] <1, = >0}
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The category A is a variety of infinitary algebras (of bounded arity), hence the underlying-
set functor U: A — Set is monadic [54, Theorem 5.45 p. 68] (in fact, it is strictly
monadic). This means the following. First, there is an adjoint pair F' 4 U, where
F': Set — A maps a set of generators X to the free d-algebra over X. In fact, we know
that FX = C([0,1]%, [0, 1]) by Proposition 5.2.8. Secondly, the category A is equivalent
to the category SetU°F of Eilenberg-Moore algebras for the monad U o F': Set — Set.
Denote by E the equivalence C o M: A — C* (see Theorems 4.4.25 and 6.2.17). By
Corollary 6.3.22, F and B4 : C* — A are quasi-inverse functors. Since adjoint functors
are stable under composition [52, Theorem 1 p. 101], the functor U o B is right adjoint
to FoF.

Br oA u Set
\_/ Y’\_/

E F

C*

Let Set” be the Eilenberg-Moore category for the monad T := UoBoEoF on Set. The
functor By o F is naturally isomorphic to the identity functor 1a, so that UocByo Fo F
is naturally isomorphic to U o F'. This natural isomorphism extends to an isomorphism
of monads which induces a (concrete) isomorphism of the categories of algebras Set”
and SetV°¥ [2, A.26]. Therefore,

Set” =~ SetVoF ~ A ~ C*,

In other words, the functor U o B : C* — Set is monadic. However, it is elementary
that U o By = Uy, hence we conclude that the positive unit ball functor Uy : C* — Set
is monadic. O



Chapter 7
Epilogue

In Chapter 1 we presented some results concerning the axiomatisability of the dual
category KHaus®®. On the one hand, there are the negative results due to Rosicky
and Banaschewski. They proved Bankston’s conjecture, i.e. that KHaus is not dually
equivalent to any elementary P-class of finitary algebras. Remarkably, Banaschewski
proved that there is no full subcategory of KHaus extending the category St of Stone
spaces that is dually equivalent to an elementary P-class of finitary algebras (see Theorem
1.2.11). In this respect, in Section 7.1 we prove an analogue of Banaschewski’s theorem,
i.e. that no full subcategory of KHaus extending the category St is dually equivalent
to the category of models of a geometric theory of presheaf type. On the other hand,
there are the positive results stating that the category KHaus? can be axiomatised in a
certain extension of first-order logic (see Theorem 1.2.10). In this direction, we give an
explicit axiomatisation of the category KHaus®? in the infinitary language L, .,, over an
algebraic signature, i.e. a signature with no relation symbols.

7.1 Axiomatisability of KHaus°’: one negative result

We prove that KHaus®P is not axiomatisable by a geometric theory of presheaf type. A
key step of the proof consists in showing that every finitely copresentable object in a
full subcategory F of KHaus that extends St, is a finite discrete space. In the particular
case in which F = KHaus, Gabriel and Ulmer proved that finitely copresentable objects
coincide precisely with finite sets [30, p. 66]. Here we give a different proof which relies
on the classical construction of the Gleason cover of a compact Hausdorff space.

Recall that a Stone space (or Boolean space) is a compact Hausdorff space whose topol-
ogy admits a basis of clopen sets, i.e. sets that are both open and closed. For an arbitrary
topological space, it is elementary that the collection of its clopen sets, endowed with
set-theoretical operations, is a Boolean algebra. In 1936, in his seminal work [65], Stone
proved that every Boolean algebra arises as the algebra of clopen sets of a Stone space,
namely the space of its ultrafilters. This representation theorem, which extends to a
categorical equivalence known as Stone duality, shows that every Boolean algebra is

146
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associated to a unique (up to homeomorphism) Stone space — the dual space of the
Boolean algebra — and the converse holds as well.

A topological space is extremally disconnected if the closure of every open set is again
open. It is clear that every compact extremally disconnected space is a Stone space.
The following is a consequence of Stone’s representation theorem.

Proposition 7.1.1. A Boolean algebra is complete if, and only if, its dual space is

extremally disconnected.
Proof. See for example [35, p. 485]. O

Recall that a closed subset of a topological space is regular closed if it coincides with the
closure of its interior. For example, any clopen subset is regular closed. It is well known
that, given a topological space X, the collection of all regular closed subsets of X is a
complete Boolean algebra with respect to inclusion (a proof can be found in [35, Lemma
3.1]). Denote by Gx the dual space of this Boolean algebra. By Proposition 7.1.1 not
only is this a Stone space, but also an extremally disconnected space. Amongst other
things, Gleason proved in [35, Theorem 3.2]

Theorem 7.1.2. A compact Hausdorff space X is a continuous image of the extremally
disconnected space Gx . O

The space Gx is called the Gleason cover (or absolute) of the compact Hausdorff space
X, and the continuous surjection Gx — X may be characterised by appropriate prop-
erties.

Lemma 7.1.3. Let X be a topological space. Then X is a Stone space if, and only if,

it 1s a cofiltered limit of finite discrete spaces.
Proof. See [44, p. 236]. O

Recall that an object A of a category C is A-copresentable if the contravariant functor
C(—,A): C — Set preserves A-cofiltered limits. If A\ = Ry, then we speak of copresentable
object. Unfolding this definition, we find:

Lemma 7.1.4. An object A is A-copresentable in C precisely when, for every \-cofiltered
limit G = lim;e Gy, the following conditions hold.
1. For every morphism h: G — A there exists a canonical morphism «;: G — G of

the limit such that h factors through «;.

2. If ¢1,¢2: Gj — A are such that ¢1 o aj = ¢2 0 o for some canonical morphism
aj: G — G of the limit, then there exists a morphism g;;: G; — G in the diagram
such that qbl e} g” = ¢2 @) gzj

Proof. Direct inspection. O
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Theorem 7.1.5. Assume that F is a full subcategory of KHaus extending St. If F is
dually equivalent to a finitely accessible category, then F = St.

Proof. Let C be a finitely accessible category which is dually equivalent to F. Every
object in C is the filtered colimit of finitely presentable objects, so that every object in
F is the cofiltered limit of finitely copresentable objects. We show that every finitely
copresentable object in F is a finite set. Let F' be an object of F, and denote by G its
Gleason cover (see Theorem 7.1.2). The latter is, in particular, a Stone space, hence it
is the cofiltered limit in KHaus of finite sets {G;};c; by Lemma 7.1.3. Note that, since
G is also an object of F and the full embedding F < KHaus reflects limits, G is the
cofiltered limit in F of the finite sets {G;}icr.

@

G
s

&

If F' is finitely copresentable, by Lemma 7.1.4 there exists a map ¢: G; — F for some
J, such that v = ¢ o ;. But 7 is surjective, hence so is ¢. This shows that F is finite,
being the epimorphic image of a finite set. Thus, every object in F is the cofiltered limit
of finite discrete sets. However, Stone spaces coincide with cofiltered limits in KHaus of
finite discrete sets, and we have seen that cofiltered limits of finite sets in F are computed
exactly as in KHaus. Hence an arbitrary object of F is a Stone space. Since St is a full
subcategory of KHaus, we conclude that F = St. 0

It turns out that finitely accessible categories coincide, up to equivalence, with the cat-
egories of models of certain theories. Let ¥ be a signature with no infinitary function
symbols and no infinitary relation symbols. Denote by L& ., the fragment of the infini-
tary language Lo, over the signature X in which only finitary conjunctions are allowed.
A geometric formula is a formula in the language LS., with only finitely many free
variables, which is constructed by using only finitary conjunctions, possibly infinitary
disjunctions, and existential quantifications. A geometric theory over the signature X is
a set T of pairs (p, 1)), called azioms, where @, 1 are geometric formulee. The pair (¢, )
can be thought of as the sentence

Vaizg - xn(p = 1),

where the free variables of ¢ and v are amongst z1,xo,...,z,. We shall now assume
some knowledge of topos theory. It is possible to show that the geometric language is
weak enough to be interpreted in any Grothendieck topos. Thus, we can consider the
category of models of a geometric theory in an arbitrary Grothendieck topos. Given a
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geometric theory T, we say that a Grothendieck topos &r is a classifying topos for T
if, for any Grothendieck topos £, the category of models of T in £ is equivalent to the
category of geometric morphisms from £ to &p. The following result is due to Joyal,
Reyes and Makkai.

Theorem 7.1.6. Every geometric theory T has a (unique up to equivalence) classifying
topos Er.

Proof. See [43, p. 247]. O

In fact, every Grothendieck topos is the classifying topos of some geometric theory T
(see for example [20, Theorem 7.11]). Recall that an example of Grothendieck topos is
provided by the presheaf topos on a category C, i.e. the category of functors C°P — Set.

Definition 7.1.7. A geometric theory T is of presheaf type if its classifying topos is
equivalent to a presheaf topos.

Notation 7.1.8. Let T be a geometric theory. We denote by Mod T the category whose
objects are models of T in the topos Set, and whose morphisms are homomorphisms
preserving operations and relations.

We can now characterise finitely accessible categories as categories of models.

Theorem 7.1.9. A category C is finitely accessible if, and only if, it is equivalent to
Mod T for some geometric theory of presheaf type T.

Proof. See for example [12, Proposition 0.1]. O

Specializing Theorem 7.1.5 for F = KHaus,

Corollary 7.1.10. The dual category KHaus®P is not azriomatisable by any geometric
theory of presheaf type. Ol

7.2 Axiomatisability of KHaus°?: one positive result

In Chapter 1 we saw that, as a consequence of Theorem 1.2.10, the dual category KHaus®P
can be axiomatised in the infinitary language L, ., . Specifically, KHaus®P is equivalent
to Mod T for some limit theory T in L, ., whose language possibly admits both function
symbols and relation symbols. In this section we prove that T can be taken as a theory
in L, o, whose language does not contain relation symbols. However, we remark that
the latter theory is not a limit theory.

Let X be an arbitrary topological space, and denote by ©(X) the family of open sets in
X. Tt is elementary that Q(X) is a bounded distributive lattice with respect to inclusion.
Recall that a subset I of a lattice A is an ideal if it satisfies the following conditions: I
is non-empty, if a,b € I then a Vb € I, and b € I whenever a € I and b < a. A proper
ideal m of A is mazimal if there is no proper ideal in A which strictly contains m.
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Remark 7.2.1. A standard application of Zorn’s Lemma shows that every non-trivial
bounded distributive lattice has a maximal ideal [24, p. 237]. In fact, every lattice
we will be dealing with in this section is bounded and distributive. For this reason,
henceforth by a lattice we understand a bounded distributive lattice.

The set Max A of all the maximal ideals of a lattice A can be equipped with the Stone-
Zariski topology. A subbasis of closed sets for the latter is given by the sets of the
form

F,:={meMaxA|aem},

for all a € A (see [37, pp. 99-102] for more details).

Theorem 7.2.2. If A is a lattice, then Max A is a compact Hausdorff space with respect
to the Stone-Zariski topology.

Proof. See [44, p. 66]. O

If X is any Tp-space, we shall see that it is possible to define a compactification of X
by means of a sublattice of Q(X). If X satisfies additional topological properties, then
the latter compactification coincides with the usual Stone-Cech compactification (see
Theorem 7.2.11 below).

Definition 7.2.3. Let X be a topological space. A Wallman basis for X is a sublattice
A of Q(X) which is a basis for the topology of X and such that, whenever U € A and
x € U, there exists V€ Asuch that UUV = X and z ¢ V.

Example 7.2.4. If X is a Ty-space, then every singleton in X is a closed subset. Thus
Q(X) is a Wallman basis for X, since the open set V' in Definition 7.2.3 can be taken as
V := X \ {z}. This shows that every T;-space has a Wallman basis.

Lemma 7.2.5. If X is a Ty-space and A is a Wallman basis for X, then the map
na: X — Max A, na(z):={UecA|lx¢U}

1s an embedding with dense image.
Proof. See [44, p. 136]. O

Every possible choice of a Wallman basis A for a Ty-space X provides an embedding
of X in the compact Hausdorff space Max A (cf. Theorem 7.2.2), called the Wallman
compactification of X relative to A. We remark that there are topological spaces that
do not admit any Wallman basis. However, in view of Example 7.2.4,

Corollary 7.2.6. Fvery T1-space has a Wallman compactification. In particular, every
T1-space can be embedded in a compact Hausdorff space. ]
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We now turn to the investigation of a specific class of open subsets of a topological space
X. Let us consider the set C(X,R) of all the continuous R-valued functions on X. For
every element f € C(X,R), the cozero-set of f is defined as

coz [ = {z € X | f(z) # 0} = fTH(R\ {0}).
The family of all the cozero-sets of the space X is denoted by
Coz(X):={cozf C X | f e C(X,R)}.

We remark that, for any topological space X, we have @, X € Coz(X) since @ = coz0x
and X = cozly.

Lemma 7.2.7. If X is a topological space, then the following hold.

1. For every coz f € Coz(X) there exists a continuous function g: X — [0,1] such
that coz f = coz g.

2. Coz(X) C Q(X).

3. The family Coz(X) is closed under finite intersections and countable unions. In
particular, Coz(X) is a sublattice of Q(X).

Proof. In order to prove item 1, let f: X — R be a continuous function on the space
X. We define the function g: X — [0, 1] as

g :=min (1, |f]).

It is elementary that ¢ is a continuous functions with values in [0, 1] such that coz f =
coz g. For item 2 it is sufficient to observe that every cozero-set is a continuous preimage
of the open subset R\ {0} of R. Lastly, suppose coz f,coz g € Coz(X). Then it is easy to
see that coz fg = coz f N cozg. Moreover, if {f;}ieny € C(X,R) is a countable sequence
of continuous functions (in view of the preceding item, we can assume f;(X) C [0, 1] for
every i € N), set f =2, % The function f is continuous since the latter series is
uniformly convergent. It is clear that, for all z € X, f(z) = 0 if, and only if, f;(z) =0
for each ¢ € N. In other words,

Ucozfi =cozf = cozzgz.
i=1 i=1
O

As shown in Lemma 7.2.7.(2), a cozero-set in a topological space X is always an open
subset. The converse is not true: in general, there exist open subsets of X that are
not of the form coz f for any f € C(X,R). We shall restrict our attention to a special
class of topological spaces whose structure is reflected in the lattice Coz(X). Recall
that a topological space is completely regular provided that it is a Hausdorff space such
that, for all z € X and for all closed subsets K C X, there exists a continuous function
f+ X — R such that f(z) =1 and f(y) =0 for every y € K.
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Remark 7.2.8. We remark that every compact Hausdorff space is completely regular.
Indeed, let X be a compact Hausdorff space, let x € X and let K C X be a closed
subset. Every compact Hausdorff space is normal [28, Theorem 3.1.9], hence Urysohn’s
lemma [28, Theorem 1.5.11] applies: there exists a continuous function f: X — R such
that f(z) =1 and f(y) =0 for all y € K.

Proposition 7.2.9. Let X be a Hausdorff space. Then X is completely reqular if, and
only if, Coz(X) is a basis of open sets for the topology of X.

Proof. See [33, p. 38]. O

Recall that a bounded distributive lattice (A4, A,V,0,1) is normal if, for every pair of
elements by,by € A such that by V by = 1, there exist elements c1,co € A satisfying
citNca=0,¢c1Vby =1, coVb = 1. Given a Wallman basis A for a space X, we say
that A is a normal Wallman basis for X if A is a normal lattice.

Lemma 7.2.10. If X is a completely reqular space, then Coz(X) is a normal Wallman
basis for X.

Proof. The set Coz(X) is a sublattice of Q(X) by Lemma 7.2.7, and it is a basis of
open sets for X by Proposition 7.2.9. In order to show that Coz(X) is a Wallman basis
for X, it suffices to prove that for all coz f € Coz(X) and for all z € coz f there exists
g: X — R such that coz fUcozg = X and = ¢ coz g. Consider the closed subset X\ coz f
of X. Since X is completely regular, there exists a continuous function h: X — R such
that h(z) =1 and h(y) = 0 for all y € X \ coz f. Then the function g := h — 1 satisfies
the required properties. For the normality of the lattice Coz(X), see [44, p. 137]. O

Theorem 7.2.11. Let X be a completely reqular space, and let A be a Wallman basis
for X containing Coz(X). Then the Wallman compactification Max A of X is homeo-
morphic to the Stone-Cech compactification of X.

Proof. See [44, p. 138]. O

The universal property of the Stone-Cech compactification [28, Theorem 3.6.1] entails
that the Stone-Cech compactification of a compact Hausdorff space X is homeomorphic
to X. Upon recalling that every compact Hausdorff space is completely regular by
Remark 7.2.8, it follows at once

Corollary 7.2.12. If X is a compact Hausdorff space, then Max Coz(X) is homeomor-
phic to X. O

Definition 7.2.13. An Alezandroff algebra is a bounded distributive lattice (A4, A, V,0,1)
satisfying the following conditions.
1. A is normal.

2. Countable joins exist in A.



7.2. Axiomatisability of KHaus®P: one positive result 153

3. Countable joins distribute over finite meets.

4. For every a € A there exist countable sequences {b,, }nen, {¢n }nen in A such that
Vnen €n = @, by Acy =0 and b, Va =1 for every n € N,

An Alexandroff algebra A is countably compact if the following holds.

5. Whenever {c,}nen is a countable family in A satisfying \/,,cy cn = 1, there exists
a finite subset H C N such that \/, . ¢, = 1.

Lemma 7.2.14. If X is a completely regular space, then Coz(X) is an Alexandroff alge-
bra. If X is a compact Hausdorff space, then Coz(X) is a countably compact Alexandroff
algebra.

Proof. The first part of the statement is proved in [44, p. 140]. Now, assume that X is a
compact Hausdorff space, and let {coz f; };eny € Coz(X) be a countable family satisfying
U2, coz f; = X. Since {coz f; }ien is a open covering of X, there exists a finite subset
H C N such that (J;cp coz f; = X. O

Let Alex. denote the category with countably compact Alexandroff algebras as objects,
and lattice homomorphisms preserving countable joins as morphisms. Then, for every
compact Hausdorff space X, one can see that the correspondence X +— Coz(X) defines

a functor
C: KHaus — Alex..

The functor C sends a continuous map between compact Hausdorff spaces f: X — Y to
the lattice homomorphism preserving countable joins

C(f):= f': Coz(Y) — Coz(X).

On the other hand, it is possible to prove that the map sending a countably compact
Alexandroff algebra A to the compact Hausdorff space Max A induces a functor

M Alex. — KHaus.

A lattice homomorphism preserving countable joins h: A — B is sent to the continuous
map
M(h) ;= h~!: Max B — Max A.

The interested reader is referred to [19, Section 3.2] for details.
Theorem 7.2.15 (Alexandroff duality). The category KHaus of compact Hausdorff

spaces 1s dually equivalent to the category Alex. of countably compact Alexandroff al-
gebras via the functors C and M.

Proof. This theorem is proved in [19, Theorem 3.5] by means of topos-theoretic tech-
niques. We remark that, for every compact Hausdorff space X, the component at X of
the natural isomorphism g : Idknyaus — M o C is provided by Corollary 7.2.12. O
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We now give an axiomatisation of countably compact Alexandroff algebras in the lan-
guage L, o, over the (algebraic) lattice-theoretic signature given by the constants 0,1
and by the binary function symbols A,V (we underline the function symbols in order to
distinguish them from the logical conjunction A and disjunction V). We agree to denote
by j(y, {zn}nen) the formula

( Avson =) (5o ( A snon =) = (=),

neN neN

stating (semantically) that the element y is the join of the countable family {z,}nen.
Let Tajex. be the theory formed by the (equational) axioms for a bounded distributive
lattice, along with the following five axioms.

(4) vxlv@((mvﬂ;g = 1) N E <<y1/\y2 = 0) A <y1\/$2 = 1) A (ygwsl = 1>>>

() Ve (100 fonben) )
() H(andnesitutyos (5. fonbuen) A3, (ontsben ) =y = w).

(i) Va3l dnen3ontnen (e Londaen) A A vutin =0) 4 (A e =1) )

neN neN

() \/ <V{xn}neN <j(17 {zn}nen) = 3y1-- Jyn (j(l, {ﬂn}neN)A< /n\ Vo= a:Z))))

neN k=11ieN

The countable sequence {7y, }nen in axiom (v) is defined by g; := y; if 0 < i < n and
¥i »=01if i > n. A direct inspection shows that axioms (i)—(v) correspond precisely to
items 1-5 of Definition 7.2.13. In other words,

Corollary 7.2.16. The dual category KHaus®P is equivalent to the category of models
Mod Tajex. of the theory Tajex. in the infinitary language Ly, (o, - ]
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lexicographic product, 14
Lia, 4

maximal spectrum
— of a Banach algebra, 125
— of an ¢-group, 59
— of an MV-algebra, 44
McNaughton function, 42
model
— of a theory, 2
— of an algebraic theory, 101
multiplicative functional, 121
linear —, 122

MV-algebra, 26

complete —, 102

divisible —, 102

semisimple —, 37

simple —, 36

standard —, 27

totally-ordered —, see MV-chain
MV-chain, 28
MV-homomorphism, 29

negative part (¢-groups), 12
non-commutative geometry, 137
norm

— induced by the unit, see

seminorm

equivalent —, 112

operator —, 114

uniform —, 62

object
finitely presentable — 7
free —, 40
A-copresentable —, 147
A-presentable —, 6
operator
non-extensive —, 113

partially ordered set
2-directed —, 15
directed —, 5
A-directed —, 5

positive part (¢-groups), 12

radical

— of a Banach algebra, 126

— of an f-group, 61

— of an MV-algebra, 37
resolvent set, 116
Riesz decomposition property, 141

self-adjoint, 128

seminorm
— induced by the unit (¢-groups), 62
— induced by the unit

(MV-algebras), 102

separating, 43

Y-structure, 2

signature, 1
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algebraic —, 1
spectral topology
— for {-groups, 59
— for MV-algebras, 44
— for lattices, 150
spectrum (Banach algebras), 116
Stone-Zariski topology, see spectral
topology
strong order unit, 24
structure for the signature X, see
Y-structure
subdirect product
— of MV-algebras, 35
— of algebras, 108

term function (MV-algebras), 41
theorem
Gelfand-Mazur —, 119
Holder (unital) —, 25
Holder —, 15
McNaughton —, 43

Yosida’s representation —, 64
theory
—in the language Ly ), 5
equational —, 2
limit —, 7
total set, 127

unit (of a Banach algebra), 111
unit interval, 48

vanishing locus (¢-groups), 58

Wallman basis, 150

Wallman compactification, 150

weak contraction, see non-extensive
operator

weak-star topology, 125

Yosida algebra, 66
Yosida map, 60

zero-set, see vanishing locus



