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algorithm

Input An n-qubit state |ω〉

Output Either

Yes if |ω〉 is logically contextual,

together with a list of n+ 2 local observables, or

No if |ω〉 is in Pn.

Base Cases

1. If n = 1, output No.

2. If n = 2, apply the Hardy procedure of the Base Case Lemma to the
Schmidt decomposition of |ω〉.

Recursive Case: n+ 1, n > 1

1. We apply TestPn+1 to |ω〉. If |ω〉 is in Pn+1, return No.

2. Otherwise, we write

|ω〉 = α|ψ〉|0〉 + β|φ〉|1〉.

Explicitly, if |ω〉 is represented by a 2n+1-dimensional complex vector

∑

σ∈{0,1}n+1

aσ|σ〉

in the computational basis, we can define

α =
√ ∑

σ∈{0,1}n
|aσ0|2, β =

√ ∑

σ∈{0,1}n
|aσ1|2

|ψ〉 =
1

α

∑

σ∈{0,1}n
aσ0|σ〉, |φ〉 =

1

β

∑

σ∈{0,1}n
aσ1|σ〉.

3. We apply TestPn to |ψ〉. If |ψ〉 is not in Pn, we proceed recursively
with |ψ〉, and then extend the observables using the construction of
the Going Up Lemma I.

4. Otherwise, we proceed similarly with |φ〉.
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5. Otherwise, both |ψ〉 and |φ〉 are in Pn.
For a in (0, 1), we define

τ(a) := a|ψ〉+
√

1− a2|φ〉.

For 19 distinct values in (0, 1), we assign these values to a, and apply
TestPn to τ(a).
If we find a value of a for which τ(a) is not in Pn, we use that value
to compute the local observable B(αa ,

β√
1−a2

) for the n+1-th party, as

specified in the Going Up Lemma II, and continue the recursion with
the n-qubit state τ(a).

6. Otherwise, by the 21 Lemma and the Small Difference Lemma, the
only remaining case is where |ψ〉 and |φ〉 differ in one qubit. We have
these qubits |ψ1〉, |φ1〉 from our previous applications of TestPn. In
this final case, we can write |ω〉 as

|ω〉 = |Ψ〉 ⊗ |ξ〉

where |Ψ〉 is in Pn−1, and |ξ〉 is a 2-qubit state. Moreover, we have

|ξ〉 = α|ψ1〉|0〉 + β|φ1〉|1〉.

7. We apply the Base Case procedure to |ξ〉, which we know cannot be
maximally entangled, by Step 1. We output Yes, together with the two
local observables for each party produced by the Hardy construction,
and the n − 2 local observables for |Ψ〉 produced by the Corollary to
the Going Up lemmas. !

The above algorithm of course involves computation over the real and
complex numbers. More precisely, with the usual coding of complex numbers
as pairs of reals, we require the field operations and comparison tests on
real numbers. For simplicity, we discuss the complexity of the algorithm
in the Blum-Shub-Smale model of computation [20], where we assume that
arbitrary real numbers can be stored, and the above operations performed,
with unit cost. Thus the input size of an n-qubit state is the dimension
d = 2n.

The TestPn subroutine performs n − 1 partial traces over n − 1 qubits.
Each such partial trace involves computing the 4 entries of a matrix, where
each entry is a sum over 2n−1 products. It also computes O(n2) partial
traces over n−2 qubits, each of which involves computing 16 entries, each a
sum over 2n−2 products. For an n-qubit input, at each level of the recursion,
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