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Identity of proofs

Identifying or telling apart proofs has far-reaching consequences.

m Philosophy and math: when two proofs correspond to the same argument?
m Computer science: when two algorithms correspond to the same program?
m Linguistics: how to capture different readings of the same sentence?

E...
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Sequent calculi: different proofs often due to trivial permutations of rules.

Natural deduction calculi or proof nets: less sensitive to rule permutations
~> benchmarks for defining identity of proofs.
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Identifying or telling apart proofs has far-reaching consequences.

m Philosophy and math: when two proofs correspond to the same argument?
m Computer science: when two algorithms correspond to the same program?
m Linguistics: how to capture different readings of the same sentence?

E...

Sequent calculi: different proofs often due to trivial permutations of rules.

Natural deduction calculi or proof nets: less sensitive to rule permutations
~> benchmarks for defining identity of proofs.

Focused sequent calculi [And92, And01, Mil04]: syntactic restrictions on rules:

the proof search space is reduced retaining completeness;
every cut-free proof comes in a special normal form;
criterion for defining identity of sequent calculi proofs.

What is the mathematical underpinning of focalization?

Looking for:

m (uniform and modular structural) proof theory and
m (algebraic and categorical) semantics.
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Our contributions

Lambek-Grishin logic:

m fully polarized algebraic semantics FP.LG
m focused display calculus fD.LG:

m canonical cut-elimination, strong focalization, complete w.r.t. FP.LG
m also complete w.r.t. LG-algebras

~» semantic proof of completeness of focusing
m effective translation between fD.LG- and fLG-proofs [MM12]

~» operational semantics

General theory:
m heterogenous display calculi
m fully polarized algebras
m analytic-inductive extensions
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Basic Lambek-Grishin algebra

m Poset with 6 operations [Moo09]:
A<C/B iff A@B<C iff B<A\C

CoB<A iff C<A®B iff AQC<B

John sleeps is asentence
np ® np\s < s
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Multi-type Proper Display Calculi 1/2

Display calculi are a natural generalization of Gentzen’s calculi [BJ82]
m Display property
~» semantically justified by adjunction/residuation
fEMira rg(o)a)

lferj=1andgg; =1 1.7 — —
M+ (D)[A) g’ (D) rA

848

fORL-a TrgEIr

Ifer; =0andgy; =a: @1 —— —
F(O)[ATirA Megl (O

©.9))
m Canonical cut elimination;

= Properness: all rules closed under uniform substitution [Wan98];

= Multi-type: syntactic types «» subalgebras
~» uniform substitution within each type [FGK™16].
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Multi-type proper display calculi 2/2

A proper DC verifies each of the following conditions:
structures can disappear, formulas are forever;

tree-traceable formula-occurrences, via suitably defined congruence relation
(same shape, position, non-proliferation)

principal = displayed
rules are closed under uniform substitution of congruent parameters within
each type (Properness!);

reduction strategy exists when cut formulas are principal.
@ type-uniformity of derivable sequents;
strongly uniform cuts in each/some type(s).

Cut elimination and subformula property hold for any proper m.DC.
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Basic Lambek-Grishin logic

D.LG consists of the following rules (we consider only the Lambek fragment for brevity).

Axioms and cuts:
4 XEA ArY
prp XrY

Logical rules (i.e. translation vs tonicity rules, cfr. asynchronous vs synchronous [And01]):

Cut

A®B r X X+HA Y+ B

Q) —m8m8M8 ~ ®R
A®B + X X®Y +rA®B
W XrA BrY XrA\B ~,BrY XrA XrBJA
A\BrX\Y XrA\B " B/ArY]X XrB/A "
Display postulates:
Y X\Z
®_|\A:
. X®Y+rZ
&4 ] —
X+ Z]Y

We may expand the calculus with so-called Structural rules, e.g.:
(X&Y)®Z+ W

a
X®(Y®Z)+r W
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Everybody needs somebody

Everybody needs somebody is asentence

s/(np\s) ® (((np\s)/((s/np)\s)) ® (s/np)\s) + s

7 sequent derivations, but only 3 ND (or proof net) derivations in normal form!

Moving to a focused sequent system (fLG or fD.LG) again 3 derivations!

Two derivations use associativity and correspond to the following readings:

m VY-dreading: Everybody > somebody > needs
m 3-V reading: Somebody > everybody > needs
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Focalization

The key idea relies on the following distinction.

m A focused phase is a proof-section where a formula is decomposed "as much as possible" only
by means of tonicity logical rules.

m A neutral phase is a non-focused phase, i.e. a proof section built by translation logical rules
(applied greedily) or structural rules.

A strongly focalized proof exhibits a strict alternation between focused and neutral phases:

neutral phase
focused phase

Definition

A sequent proof wis strongly focalized if cut-free and, for every formula A occurring in x,
every PIA subtree of A is constructed by a proof-section of 7 containing only tonicity rules.
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Focalization via polarization

Two focalized phases

m Positive phase: only tonicity rules for positive connectives are applied;
m Negative phase: only tonicity rules for negative connectives are applied.

How to categorize a connective as "positive" or "negative"?

m Positive formulas: the main connective is a left-adjoint/residual (0, ®, ©);
m Negative formulas: the main connective is a right-adjoint/residual (/,®, \).

The key idea of polarization "naturally” calls for a type distinction:
multi-type calculi seem good candidates, but we need a further generalization!
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A step back: focalization via "implicit" polarization

State of the art: fLG by Moortgat and Moot [MM12]

m Every proof is strongly focalized

m Focus implemented by a meta-linguistical marker
m Restrictions on the applicability of rules

If A is positive:
Axiom Focusing Defocusing

_ ArA X F
Ar FA TXEA
If A is negative:
Co-axiom Focusing Defocusing

—  XrA _ [A]r X
[AlvA XAl T Tarx

Tonicity rules have auxiliary and principal formulas in focus.
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V-dreading: fLG

Bias assignment: np :: positive, s :: negative.

S el
np1|— +58 s/np|+s/np

[np\s ]+ npls np + | (s/np)\s

,a -
mp& ((mp\s) /(s /mp)\s)) + [s/mp] [si0]+ 2
- (P& ((mp\s) /(s/ mp) \9))) s

s ((0\$)/ ((s/p)\ )& ((s/np)\s) r [np\s]
FsT(((mp\s)/ ((s/np)\8))@((s/np) \'s))

so/ (np1\s2) & (((nps\'sa) / (s / nps) \ 7)) & ((ss/ npe) \ s10)) + -

Everybody needs somebody
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3-V reading: fLG

Bias assignment: np :: positive, s :: negative.

55 [
np D— rsz s/np |+ sinp

[s0]+ s ((np\5)/ ((s/mp)\s))@np + [np\s |
[s0/ (o1 \s2) |+ sT(((p\8) /(s /7p)\ ) &)

,,,,,,,,,,,,,,,,,,,,,,, ,a
(s0/ (np1 \ s2))&((np\8) / ((5/ nP)\s)) + - i

(ss/nps)\s10 |+ ((s/(np\$))&((np\s)/((s/np)\s)))\s
so/ (np1\ s2) & (((nps\ s4) / ((ss/ nps) \ 7)) & ((ss / nps) \ $10)) + o

Everybody needs somebody

13/26



Focalization via "explicit" polarization

In proof-theory, shift operators have been considered:
m if A is negative, then | A is positive;
m if A is positive, then T A is negative.

~» but their status as operators is obscure.

In algebraic/categorical polarized semantics:

mT4]
ETlTe =T
BTl =le
BTy =9
BTl = o

Problem: the focusing policy could be destroyed.
~» the usual solution is to consider only sequents where T (resp. |) are not nested.

Our solution: 4 types:
= positive and negative formulas belong to different sorts;
m pure and shifted formulas belong to different sorts.
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Weakening relations

W.R. are the order-theoretic equivalents of profunctors (aka distributors or bimodules) [Ben73].
W.R. are generalizations of partial orders: take A =8B and <z = <g.

Definition

A weakening relation is a relation << A x B on two partially ordered set (A,<#) and (B,<g)
that is compatible with the orders <f and <g in the following sense

A <4 A A<B B<g B’
A’ B

Definition

Giventwo w.r. <g C AxXA and <g C Bx B, we say that the order-preserving functions L : A —» B
and R: 8 — A form a heterogeneous adjoint pair L Qf{ R ifforevery Ae Aand B’ € B,

a R g
L(A) < B’ iff A <z R(B') <ﬂ.|f - $<B
A

If A=A, <a=<a B = Band<g = <g, we recover the usual definition of adjunction.

Heterogeneous adjunctions also appear in the theory of Chu spaces. 15/26



Full polarization
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Fully polarized LG-algebras FP.LG

Operators and their residuals (we consider the Lambek fragment for brevity):

/: NxPP 5N, ©: PxPo>P, \:P’xN-N.

PxN/Q it PN it QXP\A.
Shifts:
T 1
P71 N b7 L N
<~ <~
| l (3)

ForalPePandNeN, <+ cPxP, < cPxN and <~ cNxN aresit.
TP<"N iff P<N iff P<*|N )

i.e. < isthe weakening relation represented by the heterogeneous adjunction 7 41‘,’ 1.

Collage posets: (P, <) :=(PuP, <tu <t u.<t), (N, £ ):=(NUN, <~ U - U-<7).

Collage weakening relation: % := <. L < c PxN.

IA
C
IA
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(Heterogeneous multi-type proper) focused display calculus fD.LG

Notation: P € {P, P}, resp. N € {N, N}.

P = p|PeP | (PoN)| (NoP) Purepositve formulas (] A)
N = n| (NeN) | P\N | N/P Pure negative formulas (1 X)
E = [N Shifted positive formulas
N = 1P Shifted negative formulas
Well-formed sequents (sequents in grey cells are not derivable):
Positive sequents | X +© Y | X +T Y | X T Y | X +F Y
Negativesequents | A+ T | A+ T | Ar"T | A+"T (5)
Neutralsequents | X F A | X+ A | XA | X + A

Each consequence relation is interpreted by a W.R. as follows:

t FEOL R T

T
T
T
To
+
To
To

tFP.LG <+

IA
IA

AT

+

IA
IA
A
Ao
Ao
IAe
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Axioms and cuts

-1d n
p|_+pp Idn|_n
o i e s .o o . o .
o cut 5 P {3»— Y s N {\II— A Nout .
Xty Fe A (7)
o i o P
Pn-Cut F Pi °P F A X F No f\l F A nN-Cut
XtA X FA
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Logical rules

., P®QFA Xt'P Vi Q
PeQr A XeY +t Po@
L xR NEA XEPIN O NEA XETP XENTP
L . o < S - o R s o > v o s .- 5. =
P\N - X{A XEP\N N/P ATX XeN/P
- X Y A - A +
N A X le TLT A AXI— P .
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Structural rules

Display postulates:

Y eXxTA XOAET
®4\ ~ = = = = = @41
; X YEA XETOAN
&7 — A o . o (SRR
fiA/Y FrOX r A 9)
X A X+ A . . X+H]lA
:\”Tﬂl :\/T_|l 141,\_:
Xt A X T LA 1TX A
Structural rules for shifts:
Lo, 2l (10)
X+ LA TXFEF A

21/26



Phases and phase transitions 1/2

Positive FOCUSED PHASE
sequents
defocusingon P | TR focusing on P| TL
gon | Ly gon | Ly
NON-FOCUSED PHASE
- —
lgr | focusingon N 1. | defocusing on N

Negative
sequents

22/26



Phases and phase transitions 2/2

-Id .
Py p—1" »3X 1P
o ™ 5
|\|f- T‘ A
X e A1
O— X v+ INS—BL x o TN x + A 4P §
O— X ot INELX ot IND X0 A
i

L) 1P+~ A—O

He yip - a—0

I O\N‘ _/Ao, n-1d
N

F
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V-dreading: fD.LG

Bias assignment: np :: positive, s :: negative.

S5+ S7 npg +* npg
npi vt nps S4 b Sg s/np+"sjnp L
np\s v~ np\s np -+ L(U(s/p)\s)

(np\s)/ L(L(s/np)\s) + (np\s)]np

np&®L((np\s)/L(L(s/np)\s)) +" L(s/np) e S10 F S2
U(ss/npe)\s1o + (np&L((np\s)/L(L(s/np)\s)))\s o

—_ - - . o o T

S0+ sty L(mp\s) / L(L(s / np)\ ))& L(L(s/np) \s) - Lnp\s)
_ s/ U \e) =T (LR ) /LU m)\ ) B LS ) \S))

L(so/ L(np1\'s2)) & (L((nps\s4)/ L(L(ss/nps)\s7)) & L(L(ss/Nnpe)\s10)) F+ Si1

Everybody needs somebody
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Conclusions

What we did.

Lambek-Grishin logic:
m focused display calculus fD.LG
~s canonical cut-elimination and strong focalization
m fully polarized algebraic semantics FP.LG
~» semantic proof of completeness of focusing

Future work.

We expect that the present approach:
(1) extends to every (first-order) displayable logic;
(2) can be lifted to categories (profunctors instead of w.r.).

(2.a) So far, we defined a categorical Lindenbaum-Tarsky construction
producing the free residuated category generated by D.L;

(2.b) we defined an algorithm transfoming
sequent derivations ~» diagrams ~» natural deduction derivations.
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