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Comonads
MA MMA ~— MA A+— MA

Data structure Expanding operation Extracting operation

Together with coherence axioms

MMMA «—— MMA MA «— MMA
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Slogan:

Monads = Languages

Monads + Comonads = Transducers
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Monads + Comonads = Transducers
This talk.
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Monad and comonad
MA = A+

I MMA — MA Flatten 11,2,31, [4,51, [6, 711 = [1,2,3,4,5,7] |}
A — MA Singleton 7 [7] i

g N - ; g P ’ M Eadae~ o g N ; Ty g ’ < g - e M G > S i M Gl g Sl < ’ ey e < g . v M G A . ; e < g s e Ve B sl g AR D ARt g i 7R
(P G- B 7 PV RAOR ey — g o By g Ao oz e o — g .= 2 g A i (ol Ve e o o e - D — g - o2 oy 0 g — n - e A oy 0o g —_— - e AT e s 0 g e D mer — - PR P o o e — - P 2y - P e — - P S e P e e S P E S Py
B ,

q -

X ,
g ~ 9
1 ]
'\ ,
\}
T -
g l
A ' l

’r, B

Y L
! 3

N \)
. .u

¥

, :
£ N, |

. ) )

T L i e gk Cor e fu L R piCE LT S A e fon Sl L oA i N SR el o i e Qi & Lo fAagoian Sl ST SA S EAl M D A T e i Aol B Lo _bosma ESup M e e~ e D T L ST £ i Az B Lo b sha SR R 5 A RO T W X TR VI DT TS © W v SR ECTR 5 A% L e g B4 Lo i saa L ELUTI 5 AR M e S SEY 2 L0 e e o BRSO A
D oS . ’ S . P _ o< _ . o - . D ) . . » \ ~_ \ - ~_ - ~_ N - = - = AN ~ ~

P | < _/7 s _ P



Monad and comonad
MA = A+

I MMA — MA Flatten 11,2,31, [4,51, [6, 711 = [1,2,3,4,5,7] |}
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Monad and comonad
MA = A+

I MMA — MA Flatten 11,2,3], [4,51, [6,71] = [1,2.3.4,5,7] |
A > MA Singleton 7 [7] j
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Monad and comonad
MA = A+

I MMA — MA Flatten [[1,2.31, [4.5], [6.71] = [12.3.45.7]

MA - MMA ~ Prefixes  [1234] ~ [[11.11.2].[1.2.3].[1.23.4]]]
| MA — A Last element F



Monad and comonad
MA = A+

I MMA — MA Flatten [[1,2.31, [4.5], [6.71] = [12.3.45.7]

MA - MMA ~ Prefixes  [1234] = [[11.11.2].[1.2.3].[1.23.4]]]

| MA — A Last element  [1234]— 4 F
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Monads, comonads, and transducers

Given a regular language:
L: MY — {Yes,No}
We define the following transduction:

comonad ML

MM 2.

M2 M{Yes,No}

la,b,a,a] W——>» [lal, |a,b], |la, b,al, |a,b,a,all] F—» |[Yes, Yes,No, Yes]
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Monads, comonads, and transducers

Given a regular language:
L: M2 -1

We define the following transduction:

comonad ML

MM 2. M1

M2

This gives us a class of M-transductions.
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Theorem

M-transductions are closed under compositions.

ME — MT

t  Generalized |

Verified in Coq -

This needs some axioms about the monad-comonad interactions.
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One additional operation

put : MA XA — MA

Replace the focused element of a comonad

(11,2,3,4], 5) — [1,2,3,5]
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Axioms

mult

MMA — MA

lcoUnit lcoUnit ;

MA coUnit

(id, coMult)

MA—MA X A

\ lput

MA

put
i MAXA— MA
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Axioms

Te i T
MMA X MA X A ——2—» MMA X MA —— MMA

out x id mult
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Axioms

Te i T
MMA X MA X A ——2—» MMA X MA —— MMA

out x id mult

mult x id put

MMA XA ——— — — — MAXA———> MA

Associativity of put
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MMMA MW MMMA

Coy wi

MMA MMA

N‘ comult
MA

Where work Is defined as follows:

(id, coUnit) Id X coMult strength M put M mult
MMA —» MMA X MA —» MMA X MMA—>M(MMA X MA) —»MMMA —> MMA
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[[1,2,3],14,5,6],[7,3,9]]
loomult
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Example (continued)

[([[1,2,3]], [11],[1.2], [1,2,3]D), ([11,2,3], [4,5,61], [14],[4.5].14.5,6]D), ([11.2,3],[4.5.6],17.8.91], [[7],[7.8],[7.8,9]]) ]

..., ([1,2,3],14,5,6]], [14], 4,5],[4,5,6]]), ...]

lMstrength
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lMMput
[ ..., [[[1,2,3], [4]], [11,2,3], [4,5]], [[1,2,3], [4,5,6]]], ...]
lMMmuIt

[ ..., [[1,2,3,4],[1,2,3,4,5],[1,2,3,4,5,6]], ...]
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MMMA —2X°%__, MMMA

MCOV W‘ult

MMA MMA

N‘ y
MA

Bialgebra®
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Other categories?

Problems with axiomatization of strength:

const,; X id strength

Il X MA — AAX MA ——— M(A? X A)

71'2 M app

MA

Thank you!



